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rsj Abstract 

i— I We initiate the mathematical study of spherical collapse of self-gravitating charged scalar 

fields. The main result gives a complete characterization of the future boundary of 

spacetime, providing a starting point for studying the cosmic censorship conjectures. In 

^*i general, the boundary includes two null components, one emanating from the center of 

symmetry and the other from the future limit point of null infinity, joined by an achronal 
£_) component to which the area-radius function r extends continuously to zero. Various 

^" , components of the boundary, a priori, may be empty and establishing such generic 

jV emptiness would suffice to prove formulations of weak or strong cosmic censorship. As a 

(3JT) simple corollary of the boundary characterization, the present paper rules out scenarios 

1 ' of 'naked singularity' formation by means of 'super-charging' (near-)extremal Reissner- 

Nordstrom black holes. The main difficulty in delimiting the boundary is isolated in 
proving a suitable global extension principle that effectively excludes a broad class of 
singularity formation. This suggests a new notion of 'strongly tame' matter models, 
which we introduce in this paper. The boundary characterization proven here extends 
Q\ to any such 'strongly tame' Einstein-matter system. 
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1 Introduction 

A fundamental open problem in classical general relativity concerns the structure of singular- 
ities formed by the gravitational collapse of self-gravitating bodies. There are two conjectures 
of utmost consideration: weak and strong cosmic censorship. Each is a statement regarding 
the 'visibility' of singularities with respect to distinct notions of spacetime predictability: 
weak cosmic censorship is concerned with predictability in the sense of completeness of future 
null infinity, e.g. as given by Christodoulou [22] : strong cosmic censorship is concerned with 
predictability in the sense of spacetime inextendibility. The choice of terminology is a bit 
unfortunate; the two conjectures are, in fact, strictly speaking, logically independent. 

A rigorous formulation of cither conjecture is deeply rooted in the field of partial differ- 
ential equations (PDEs). Indeed, the theory of general relativity itself is only described, in a 
mathematical context, as an initial value problem to the (second-order quasilinear hyperbolic) 
Einstein equations 

R^u - -xg^uR = 87rT Mr/ . (1) 

It is well-known that given initial data, there exists a unique maximal globally hyperbolic 
spacetime {M^g^) that solves (IT]) coupled to various matter models, the so-called maximal 
future development of initial data [TH] HH [H] . Little is known, however, about the structure 
of this spacetime in the large, as our understanding of global initial value problems for wave 
equations of such non-linearity is limited. 

This paper considers the formation and characterization of singularities in spherically 
symmetric asymptotically flat (with one end) Einstein-Maxwell-Klein-Gordon spacctimcs. 
Previously, these spacetimes have been studied numerically (for the collapse of a massless 
scalar field) by Hod and Piran [351 |3S] and small data global existence has been shown by 
Chae [7] . This model, important to understanding many phenomena relevant to gravitational 
collapse, generalizes the models of Christodoulou [15] and Dafermos [25]. The self-gravitating 
massless real- valued scalar field model of Christodoulou is completely understood in regards to 
weak and strong cosmic censorship [T5JIIH1I2I]; but his model does not admit what are possibly 
the most relevant counter-examples to strong cosmic censorship, namely: Cauchy horizons 
emanating from the future limit point of null infinity. In 'coupling' an electromagnetic field to 
the model of Christodoulou, Dafermos is able to study the stability and instability of Cauchy 
horizon formation [25] [26], but his model is limited, in turn, by global topologjfj incompatible 
with the spacetime having only one asymptotically flat end. A further motivation for coupling 



1 The electromagnetic field is only 'coupled' to the real-valued scalar field via its interaction with the 
geometry and thus requires non-trivial topology in the initial data set for the charge to be non-zero. 



an electromagnetic field, moreover, stems from the possibility of identifying charge with a 
'poor man's' notion of angular momentum (cp. Reissner-Nordstrom and Kerr black hole 
solutions), providing a natural primer to the more difficult problem of non-spherical collapse. 
With the present model we can address both cosmic censorship conjectures within a single 
framework admitting many of the most fascinating features of gravitational collapse. 

While we do not prove or disprove here the cosmic censorship conjectures for this model, 
this paper will lay a framework that will provide the necessary tools to tackle these very 
difficult problems in the future. The main result in Theorem |1.1| will expound on the possible 
global structure of spacetime, giving a characterization of its future boundary. In general, the 
boundary includes two null components, one emanating from the center of symmetry and the 
other from the future limit point of null infinity, joined by an achronal component to which 
the area-radius function r extends continuously to zero. Some components of the boundary 
may be, a priori, empty, and establishing such generic emptiness would suffice to prove the 



conjectures (see, however, [1.5.4). With respect to the state of cosmic censorship, we give 



an overview of results given by Christodoulou and Dafermos in [1.4 Stemming from these 
specific models, we are then led to give a series of conjectures in [ 1.5 for the general Einstein- 
Maxwell-Klein- Gordon system; these conjectures and their relationship to cosmic censorship 
are highlighted in |1.5.5| In j }1.6| we announce forthcoming partial results concerning these 
conjectures. Within the present paper, however, we bolster the case for the validity of weak 
cosmic censorship by immediately ruling out (as a corollary of Theorem |1.1[ ) the possibility, 
entertained in the physics literature, e.g. [H [9[ [34l 02 |43l [52 [6TJ [62l [66], of creating 'naked 
singularities' by 'super-charging' (near-)extremal Reissner-Nordstrom black holes. 

The main difficulty in the proof of Theorem |1.1| is establishing a stronger characterization 
of 'first singularities' than that proposed by Dafermos in [28 . We will call this stronger 
characterization the 'generalized extension principle' to distinguish it from (what we shall 
call) the 'weak extension principle' of [28 . The 'generalized extension principle' is formulated 
very generally without reference to the topology or the geometry of the spherically symmetric 
initial data (so as to be applicable as well in the cosmological setting or in the case with 



two asymptotically flat ends). See [1.8.1 for a formal definition. In [4.3 we will show 
that Einstein-Maxwell-Klein-Gordon satisfies both extension principles, specifically: A 'first 
singularity' must emanate from a spacetime boundary to which the area-radius function r 
extends continuously to zero. 

Given the 'generalized extension principle', the proof of Theorem 1 1 . 1 1 follows from mono- 
tonicity arguments derived from the dominant energy conditional and is independent of any 
other structure of the system. This observation will motivate a notion of 'strongly tame' and 
'weakly tame' Einstein-matter systems introduced in this paper. In the case of a 'strongly 
tame' system, i.e. one which satisfies the 'generalized extension principle' and obeys the dom- 
inant energy condition, the conclusion of Theorem 1 1 . 1 1 holds . In the case of a 'weakly tame' 
system, i.e. one which satisfies the 'weak extension principle' and obeys the dominant energy 
condition, parts of the conclusion of Theorem [TTT] still hold, in particular, those most relevant 



for the study of weak cosmic censorship but not strong cosmic censorship. See [1.8.2 1.8.4 
for a discussion. 

We note finally that many of the conjectures in §1.5| are not model-specific and rely simply 
on parts of the conclusion of Theorem |1.1| these conjectures, in turn, can be read more 
generally so as to apply to 'strongly tame' and 'weakly tame' systems (where appropriate). 
This paper, as such, provides a blueprint for establishing the global structure of spherically 
symmetric spacetimes. 



2 Much of Theorem 1 1.1 [ in fact, uses the monotonicity governed by Raychaudhuri's equation, which just 
needs the null energy condition (cf. the proof of Theorcmll.il in 951. 



1.1 Self-gravitating charged scalar field model 

We briefly summarize the mathematical framework necessary to describe the self-gravitating 
charged scalar field model. 

1.1.1 Principal [/(l)-bundles and associated complex line bundles 

Consider a 4-dimensional spacetime (M.,g^ v ) and a principal [/(l)-bundlc it : P — > A4. Let 
w be a u(l)-valued connection defined on P and let T = Auj denote its curvature. 

Given a local section s : U C M —¥ 7r _1 (C/) of the principal bundle (called a gauge 
choice), we define a local gauge potential on M. as the u(l)-valued 1-form A — s*oj and its 
(electromagnetic) field strength as the u(l)-valued 2-form F = s* T = dA. 

Let / : P — >• P be a diffeomorphism of P that commutes with the [/(l)-action, i.e. f(p-g) = 
f(p) ■ g, and fixes fibers of P, i.e. ir o f = ir, (called a gauge transformation). We then define 
a mapping f g : P -S- U{1) by f(p) = p ■ f g (p) such that f g (p ■ g) = g- 1 ■ f g (p) ■ g. The local 
gauge potential and its local field strength transform (on each fiber) as 

A g = a* (Tub)) = f g {p)- l -A-f g {jp) + f g [p)- l df g {jp) 
F g = S *(f*f(p)) = fgip)- 1 ■ F ■ f g (p). 

Since U(l) is abelian, F is invariant under gauge transformations, i.e. 

F g = F. 

Identifying the Lie algebra u(l) with iM, we can define a (local) K-valued 1-form A on Ai 
such that 

A = iA 

and hence define a (global) M-valued 2-form F on A4 such that 

F = dA. 

Fix ceZ. Let g : U(l) — >Cbea representation of U(l) on the vector space C (over the 
field C) given by g(g) = g c . Define 

Px e C = (PxC)/~ 

where (pi,Zi) ~ (p2,Z2) if there exists g G U(l) such that p2 = p\ ■ g and Z2 = g{g~ l ) • Z\, 
We call the fiber bundle 

TT e :Px e C^M, [p,z]^tt( P ) 

the associated complex line bundle through the representation g. 

A charged scalar field is a global section of P x g C and corresponds to an equivariant 
C- valued map on P, i.e. 

for all p e P and all g e U(l). 

Let uj g be the associated connection on P x„C This connection is defined so that, locally 
on M , (suppressing the pullback of the local section) 

Ag = g*A. 

The exterior covariant derivative (called the gauge derivative) on sections of P x e C is then 
definecj^jso that, locally on M, 

D = d + A e = d + eiA 

If e = 0, then the structure group reduces to SO{l) and <fi is just a global section of (the 
trivial associated bundle) M. x R, i.e. is a R- valued map on M.. 



3 The definition of the exterior covariant derivative is independent of the metric on M, but transforms 
'tensorially' under a gauge transformation. Equivalently, we can write D = V + eiA. 



1.1.2 System of equations 



The charged scalar field model is described by the collection (as defined in { 1.1.1 1 

{{M,g^), it : P -)• M, u, tt q : P x e C, </>, e} 
satisfying the Einstein-Maxwell-Klein-Gordon equations 



R^ - ^»R = SttT^ = 8n (T™ + T* G ) (2) 



T KG = 



T ™ = ^ {f P F all F fiv - \g^F^F a ^j (3) 

^D M (D^) f + ^D^ (D^) f - l -g^ [g^D a 4> (D^) f + mW) (4) 

VF^ = ci47T (tf> (D^) f - tfT>^) (5) 

g^D^D^ = m 2 </>, (6) 

where the coupling constant c is to be interpreted as the (electromagnetic) charge of the scalar 
field having mass m 2 . 

1.1.3 Dominant energy condition 

To ensure that the matter model obeys the dominant energy condition, we must require that 



m 2 >0 (cf. { 2.2.2 1 



We note that, however, the 'generalized extension principle' for the Einstein-Klein-Gordon 



system (e = F^ = 0) can be established for arbitrary m (cf. footnote 50) 



1.1.4 Well-posedness 

An easy generalization of a theorem of Choquet-Bruhat and Geroch [T2] gives a unique smooth 
maximal future development {M,g^ v ,<p,F^ v ) satisfying (p])-([6| for given smooth initial data 
defined on a Cauchy surface S^ 3 -* (in our convention, A4 is a manifold- with-boundary with 
(past) boundary E^ 3 )). For the purpose of this paper, it will not be necessary to concern 
ourselves with a general discussion of the constraint equations and the construction of such 
initial data sets, as we shall restrict to spherical symmetry where the relevant considerations 
are straightforward. See |2.1| 



1.2 Theorem 1.1 global characterization of spacetime 

The main result (Theorem |1.1[ ) of this paper concerns the general possible structure of a 
spherically symmetric Einstein-Maxwell-Klein-Gordon spacetime arising from gravitational 
collapse. This global characterization already captures non-trivial aspects of the dynamics 
of p])-(l6]) and can be considered a starting point for further study of the cosmic censorship 
conjectures, whose statements are given in j }1.3[ 

As the proof of Theorem [TTT] will make clear, this characterization holds for a larger class of 
spherically symmetric Einstein-matter systems, which we call 'strongly tame'. In fact, much 
of Theorem |1.1| will hold for a still larger class of 'weakly tame' Einstein-matter systems. 
With this in mind, in the statement of Theorem |1.1| below, a box will indicate the specific 
appeal to an Einstein-matter system being 'strongly tame', otherwise the model need only be 
'weakly tame' for the assertion to hold. See { 1.8.2|[l"8.4 for a discussion and the statements 
of Theorems [TT2l and P! 



Theorem 1.1. Let (A4 = Q + x,. § 2 , g^, <j>, F^) denote the maximal future development of 
smooth spherically symmetric asymptotically flat with one end initial data for the Einstein- 
Maxwell-Klein- Gordon system containing no anti-trappecFj spheres of symmetry, where r : 
Q + — > [0,oo) is the area-radius function. 

I: Penrose diagram 

The Penrose diagranr] of Q + is as depicted 




with boundary SUT (in the sense of manifold-with-boundary) and boundary B + induced by 
the the ambient manifold K 1+1 admitting a decomposition 



13' 



b v U Si U CU T U Si U S U S l+ U CH l+ Uj u U1 + U f 



(7) 



to be enumerated immediately below. 
II: Boundary characterization 

The spacetime boundary is described as follows: 



Boundary in the sense of manifold-with-boundary 

£ is the spacelike past boundary of Q + and is the projection to Q + of the initial Cauchy 
hypersurface S^ 3 ' in Ai. 

r is the timelike boundary of Q + on which r = and is the projection to Q + of the set of 
fixed points of the group action 50(3) on M. 

4 A point p £ Q+ is an anti-trapped sphere of symmetry if the ingoing null derivative of r, evaluated at p, 
is non-negative. (This is what sometimes would be called 'past outer trapped or marginally trapped'.) 

5 A Pe nrose diagram is the range of globally-defined bounded double null co-ordinates as a subset of 
M 1+1 (cf. j j2.l[ |. For spherically symmetric spacetimes, the diagrams conveniently help convey global causal- 
geometric information about the metric. Readers unfamiliar with Penrose diagrams should consult the ap- 
pendix of I33| . 



Boundary induced from the ambient M 1+1 

i° is the unique limit point of £ in Q + \Q + rl r extends continuously^ to oo on i° . 

I + is a connected non-empty open null segment emanating from (but not including) i char- 
acterized by the set of p £ Q + \Q + that are limit points of outgoing null rays in Q + for which 
r — > oo . r extends continuously to oo on I + . 

i is the unique future limit point of I + . 

CHi+ is a connected (possibly empty) half-open null segment emanating^] from (but not in- 
cluding) i . r extendPj to a function on CHi+ that is non-zero except possibly at its future 
endpoint. 

Si+ is a connected (possibly empty) half-open null segment emanating from (but not including) 
the future endpoint of CHi+ U i . r extends continuously to zero on Si+ . 

&r is the unique future limit point of T in Q + \Q + . r extends continuously to zero on 
&r\ (CH l+ U i a ) . 

<Sp is a connected (possibly empty) half-open null segment emanating from (but not including) 
for- T extends continuously to zero on 5p\ (CHi+ U i ) . 

CHr is a connected (possibly empty) half-open null segment emanating from (but not includ- 
ing) the future endpoint of &r U <Sp. r extends continuously to a non-zero function on CHr 
except possibly at its future endpoint. 

<Sp is a connected (possibly empty) half-open null segment emanating from (but not including) 
the future endpoint of CHr ■ r extends continuously to zero on S^ . 

S is a connected (possibly empty) achronal curve that does not intersect the null rays ema- 



nating from limit points 6r o,nd i . r extends continuously to zero on S. 
Common intersection of the boundary components 

E and T intersect at a single point. 

If S — 0, the future endpoint of br U S^ U CHt U <Sp coincides with the future endpoint of 

s. l+ u cn l+ u i a . 

Modulo these common intersections, the boundary decomposition |?1) is disjoint. 
Ill: Completeness of I + 

If either of the following hold: 

1. BU = Q + \J-(l+)^%; or, 

2. su PcWr r < ooQ 

then X + is complete in the sense of Christodoulou 



6 The closure is with respect to a bounded conformal representation of Q+ into the ambient manifold R 1 + 1 . 
See j ]2.l| Similarly, causal-geometric constructions, e.g. the causal future J"*", the chronological past I~ , etc., 
will be with respect to the topology and the causal structure of the ambient R 1+1 . 

7 By this we mean here, and in what follows: r extends continuously to a [0, oo]-valued function on <2 + U i° 
so as to yield oo on i°. 

8 The 'Cauchy horizon' CH±+ will have special significance within the context of this paper, for it will be 
the only type of Cauchy horizon that is non-'first singularity '-emanating (NFSE). Sec 91.71 

9 The extension, which need not be continuous (see, however, Statement IV. 4 below], is given by mono- 
tonicity along outgoing null curves. 

10 If CHr = 0i then condition 2 is trivially satisfied, as we take the convention sup0 = — oo. 



[The completeness condition of \22\j . in the present context, takes the following form: 
Consider the parallel transport of an ingoing null vector X along a fixed outgoing null segment 
in Q + that has a limit point onI + . The affine length of integral curves of X (in fact, restricted 
to J~(I + ) n Q + ) tends to oo as T + is approached.] 

Ifl + is complete, we writ^\ 



l U =i+. 



Alternatively, when T + is not complete, we write 

■□ -naked 

and we say that {AA,g^ v ) is a 'naked singularity' spacetime. 

IV: Geometry of the trapped region 

LetlZ be the non-empty 'regular region' defined as the set of all p £ Q + for which the outgoing 
null derivative of r is positive. Let A be the (possibly empty) 'apparent horizon' defined as the 
set of all p £ Q + for which the outgoing null derivative of r vanishes. Let T be the (possibly 
empty) 'trapped region defined as the set of all p £ Q + for which the outgoing null derivative 
of r is negative^] 

1. rcK. 

2. Consider p,p' £ Q + along an outgoing null ray with p' to the future of p. 

a. Lfp £ A, then p' £Al)T- 

b. Lfp£ T, thenp' £ T. 

In particular, (AUT)Cl J~{1 + ) = 0. 



3. IfS^USU S z + ^ %, then AUT^V). (If S$ U S U S i+ = 0, then AUT is possibly 
empty.) 

4-. Let p £ CHj+ that is not the future endpoint of CHi+. If there exists a neighborhood 
U C M 1+1 of p such that either UD Q + C A orlAC\Q + C T , then r extends continuously 
on(UnQ + )UCH l+ . 

5. The apparent horizon A is clearly a closed set in Q + . Consider, however, the limit 
points of A on the boundary Q + \Q + in the topology o/K 1+1 . 



a. If A 7^ 0, then all limit points of A that lie on the boundary 
Q + \Q + lie on CHi+ U i + and on a (possibly degenerate) closed, 
necessarily connected interval of br U <Sp U CHr ■ 



b. If A^ 0, then A has a limit point on CHi+ U i + . 

c. If A 7^ and A has a limit point on CHr, then there are no limit points of A on 
b r US^. 

d. If A^% and A has a limit point on trU^ji, then CHr = 0- 



e. If <SpU<SU<Sj+ 7^ 0, then A has a limit point 0?7,&rU<SpUC'%r- 



11 This explains the choice of notation S t + and C"Hj+ : If either of these sets are non-empty, then i" = i+, 
since condition 1 is satisfied. 

12 The 'apparent horizon' is thus the set of symmetry spheres that are marginally trapped; the 'trapped 
region' is the set of symmetry spheres that are trapped. 




V: Properties of the Hawking mass 

Let m be the Hawking mass function given by 

I — = 5 (Vr,Vr) 



2m 
r 



1. If p 6 1ZUA, then m(p) is non- decreasing in the future- directed outgoing null direction 
and is non-increasing in the future- directed ingoing null direction. In particular, m 
extends to a non-increasing, non-negative function along I + and we define the final 
Bondi mass Mf of the spacetime by 

Mf = inf m. 

1 i+ 



2. The following relations hold: 



2m 






< 


1 


in 


n 


r 










2m 












= 


1 


m 


A 


r 










2m 











> 1 in T. 



VI: Penrose inequality 

Let T-L + C TZ U A denote the (possibly empty) half-open outgoing null segment forming the 
past-boundary of the (possibly empty) black hole region BH, i.e. 



n+ = (y-(z+)nQ + J\j-(z+). 

We note that ifH + 7^ 0, then T~L + has a past endpoint onEU Tpj 

If BH ^ 0, then H + ^ and, moreover, the following inequality holds: 

sup r < 2Mf . 

H + 

In particular, if BH 7^ 0, then Mf > 0. 

13 In the above diagram, we have depicted W+ such that 'H+nX = 0, but, indeed, it may be that 'H+nX ^ 
(cf. Theorem [L8| in £ 1.6. 1} . 



10 



VII: Extendibility of the solution 



1. The Kretschmann scalar R^apR^ is a continuous [0,oo]-valued 
function on Q + U 5 2 U iS U 5j+ that yields oo on <S 2 U S U <Sj+ . 

2. Let p £ 5p and consider a neighborhood U C R 1+1 of p. 

a. There exists a sequence {pj}°°=i CWfl Q + with pj — > p such that 

limsup R^apR^^iPj) = oo. 

j->oo 

b. If U n Q + C A U T, then the Kretschmann scalar is a continuous [0, oo]-valued 
function on (U n Q + ) U S^ that yields oo on <Sp PiU. 



3. If CHi+ = 0, then Ji + is affine complete. 



4- If (M.,g^, v ) is future- extendible as a C 2 -Lorentzian manifold (M.,g^, v ), 
then there exists a timelike curve 7 C M. exiting the manifold M. such 
that the closure of the projection o/jIm t° Q + intersects C / Hr l JCH i + . 
In particular, if C'Hr f JC'H i + = 0, then (A4, g^ v ) isC 2 -future-inextendible. 



1.3 Weak and strong cosmic censorship 

We will discuss known (limited) results concerning cosmic censorship for the Einstein-Maxwell- 
Klein-Gordon system in j |1.4| and establish more conjectures in j jl.5| that will imply, in par- 
ticular, cosmic censorship. To aid this study, it will be convenient to include here concise 
statements of the cosmic censorship conjectures (following Christodoulou in [52]) under the 
framework presented by Theorem |1.1| 

Conjecture 1.1 (Weak cosmic censorship). For generic initial data as in Theorem \l.l\ 

T + is complete. 

Conjecture 1.2 (Strong cosmic censorship). For generic initial data as in Theorem \l.l\ 
the maximal future development is future-inextendible as a sufficiently smooth Lorentzian 
metric. 

The question of regularity in Conjecture |1.2| will be discussed in §1.4.2[ |1.4.4| §1.5.4| and 

CLZ3 

1.4 Models of Christodoulou and Dafermos 

Contained within Theorem |1.1| is the self-gravitating massless real- valued scalar field model 
of Christodoulou [15]; this corresponds to taking m 2 = e = F^ v = 0. The model of Dafermos 
[25] . i.e the model for which m 2 = e = 0, but F^ u is not assumed to vanish, is not, however, 
included in the statement of Theorem |1.1| in view of the topology of the initial data. If we 
impose that £ has one asymptotically flat end and m 2 = e = 0, then the model of Dafermos, 
necessarily, reduces to that of Christodoulou, i.e. it follows that F M „ = 0. 

1.4.1 Christodoulou: the uncharged massless case 

First some preliminaries. In the case m 2 = e = F^ = 0, the system (|2J)— (I6J) exhibits stronger 
monotonicity properties not present in the more general case. In particular, we can strengthen 
the boundary characterization of Theorem |1.1| as follows: 
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1. S i+ uCHi+ = 0. 

2. S£ = 0, andSr := <Sr- 

3. S is C 1 -spacelike. 

4. If S ^ 0, then either 

a. SrUCHr =0; or, 

b. CHt = and 5 r ^ 0; or, 

c. CH r ^ and S r = 0. 

5. If 5 = 0, then either 

a. S r U CH r = 0; or 

b. CHt = and S r ^ 0; or, 

c. CH r j- and S T = 0. 

In all, there are six possible spacetimes as depicted below in diagrams I-VlJ^j 





I: dispersive 



II: black hole with only a spacclikc singularity 



CH r 



Sv 





III: 'light cone singularity' 



IV: 'collapsed light cone singularity' 



14 We do not differentiate between the cases in which the past endpoint of 1~L + intersects T\E, E\r or E PiT. 
This is related, however, to the important issue of dynamic formation of black holes considered in §1.6.11 
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V: black hole with central Cauchy horizon 



VI: black hole with 'collapsed light cone' 



'Light cone singularity' spacetimes, as in diagram III above, a priori, may, or may not, 
have a complete future null infinity I + and hence, may, or may not, have (in our convention) a 
'future timelike infinity' i + . Moreover, such spacetimes may, or may not, be future-extendible 
beyond CHr- In principle, there may exist, in particular, a spacetime as in diagram III where 
i u = i nakcd ; but for which the solution is future- inextendible. This illustrates why strong 
cosmic censorship does not imply weak cosmic censorship. 

In [TBI IT7] . Christodoulou shows that, in fact, all these spacetimes (I- VI) as given by 
Theorem IlTI occur, constructing, in particular, examples in which I + is incomplete (diagram 



III: 'light cone singularity' with 



■naked 



which we, henceforth, call a 'naked singular- 



ity') but the spacetime is also future-extendible. This demonstrates the necessity of having 
a genericity assumption in the formulation of Conjectures |1.1| and |1.2| We note that the 
solutions (I-VI) constructed are not smooth but, nonetheless, lie in a 'BV class for which 
strong well-posedness can still be proven (see the discussion in j |1.8.7 |. They are thus, in 
every sense, strong solutions. 

In his seminal work [2T], however, Christodoulou shows that the set of solutions with 
Penrose diagram III- VI are non-generic, more precisely, these solutions form a set of positive 
co-dimension in the family of all solutions as above. This is summarized in 

Theorem 1.2 (Christodoulou). For all initial data as in Theorem \l . l\ in the more general BV 
class with m 2 = e = F^ v = 0, the maximal future development has 5j+ UCHi+ — 0. Moreover, 
for generic initial data, Sr UCHr = end the spacetimes are inextendible as C° -Lorentzian 
metrics. In particular, Conjectures \1-1\ and \1.S\ are true in the case of a self- gravitating 
massless real-valued scalar field, and generic spacetimes are as depicted in diagrams I and II 
abover^ 

For a discussion of the significance of the positive resolution of cosmic censorship for the 
massless real-valued scalar field in the context of other models, in particular Einstein-dust, 



see (1.8.8 



In proving Theorem [L2J Christodoulou makes use of the following result, which is also of 
independent interest. 



15 Wit h res pect to Conjecture |l,2| C 2 -inextendibility of the spacetime would follow by Statement VII of 
Theorem 1 1.1 1 but the regularity class considered by Christodoulou in 16, 17 is below C 2 for the metric, hence 
the desirability of the stronger C°-formulation, which Christodoulou indeed obtains by a separate argument. 
For a general Einstein-Maxwell-Klein-Gordon spacetime, however, it is conjectured (v. Conjecture |1.9| that 
such a strong formulation of Conjecture 11. 21 will not hold (cf. Theorems 11. 41 and |1.9|. 
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Theorem 1.3 (Christodoulou). Let (A4 = Q + X r S , g^, (j), F^ v ) be the development of initial 



data 



Th 



as in 1 heorem 



1.1 



with m 2 = e = Fn V = 0. For p,p' G 1Z along an outgoing null ray Cq , 
with p' to the future of p, suppose the ingoing null ray C~ that emanates from p terminates 
on q G r U &r • Let Sq and r/o be defined &?Fj 



6 



rijpf) 
r{p) 



1 



and 



m 



2 (m(p') — m(p)) 
rip 1 ) 



where m is the Hawking mass function. 

There are positive constants c\ and c 2 such that if Sq < c\ and 

Vo > c 2 5 Q \og(8- 1 ) , 

then the region X c Q + given by 

X={j+(p)nQ+)\{j + (q)UJ+(p / )) 

contains a trapped surface p* G X as depicted below. 




Christodoulou applies Theorem |1.3| as an auxiliary lemma in the context of the proof of 
Theorem |1.2[ One begins with a spacetime as given by diagrams III— VI, and the goal is 
to produce a 1-parameter family of spacetimes containing the given one such that all other 
members of the family have A^§ with limit point by =/= i + ■ The infinite blue-shift along C~ 
plays an important role in the proof of Theorem |1.2| for it provides the linear mechanism for 
instability }"] Us ing this effect, it is shown that for the perturbed spacetimes, the assumptions 
of Theorem 1.3 hold with q = b^ =/= i + and a sequence of p,p' — > q. 



q = b 




Thus, Theorem |1.3| applies to yield A as desired. It is interesting that in Christodoulou's 
construction the 1-parameter family of perturbations coincide with the original spacetime in 
the past of q = &r • 



16 The constants <5o and rjg give the dimensionless size and the dimensionless mass content, respectively, of 
the enclosed annular region bounded by p and p' . 

17 Oncc this property of A. is established, the emptiness of 5r UCHr is a consequence of the special mono- 
tonicity d u d v r < in the trapped region. 
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1.4.2 Dafermos: the massless case with topological charge 

Dafermos considers the model for which m 2 = e = and F^ v ^ 0. Since the scalar field is 
itself uncharged, i*),„ can be non-trivial only if the Cauchy surface £ has two asymptotically 
flat ends. In this case, however, the electromagnetic field is only 'coupled' to the scalar field 
via its interaction with the geometry. 

An analogue of Theorem |1.1| applied to this class of initial data, yields a Penrose diagram 
as depicted below. 



S l+ / 



\s. 



CHi+/ 



\CH« 




Black hole with two asymptotically flat ends 

One easily infers that for a spacetime having two asymptotically flat ends, the black hole 
region BTi. is necessarily non-empty and, therefore, by the analogue^] of Theorem |l.l| both 
connected components of T + are complete. Thus, weak cosmic censorship is trivially true but 
not very physically interesting. On the other hand, this model is well-suited for addressing 
strong cosmic censorship in a non-trivial context because it admits as a special solution the 
Reissner-Nordstrom family, with parameters M + and Q+, where, if < \Q+\ < M+, then 
CHi+ is non-empty and the maximal future development is future-extendible as a smooth 
Lorentzian metric. Thus, for strong cosmic censorship to be true, the Reissner-Nordstrom 
solution, in particular, must be shown to be 'unstable'. 

In considering this issue of stability, Dafermos shows, however, that whenever a black 
hole is 'sub-extremal in the limit' and Q+ ^ 0, then CHi+ is non-empty and the maximal 
future development is continuously extendible |26j . Indeed, these assumptions can be shown 
to hold for solutions arising from arbitrary data in a suitable 'open neighborhood' of Reissner- 
Nordstrom initial data; in particular, the spherically symmetric C°-formulatiorpj of strong 
cosmic censorship is falsel Before presenting this result, it will be convenient to discuss 
asymptotic parameters of black hole solutions, i.e. solutions with BH ^ 0, arising when 
m 2 = e = 0, namely: area, mass and charge. 

The asymptotic area r + of the black hole (as measured along Ti + ), given by 



r+ 



supr, 
H+ 



is well-defined by monotonicity and is finite by Statement VI of the analogue of Theorem 
|1.1| Similarly by monotonicity, the asymptotic mass m+ of the black hole (as measured along 
% + ), given by 



m+ 



sup to, 

H + 



where m is the Hawking mass function, is well-defined and finite p^ 



^_ 8 In this model note that there are, in general, anti-trapped regions. To prove the analogue of Theorem 
|l.l| it suffices to assume that there exists a point (u' ,v') £ S such that d v r < in S n {v < v'} and d u r < 
inSn{ii> v'}. 

19 where in the analogue of Conjecture 



1.2 



'indeed, since H + C TZ U A, one has m+ < |r+. 



'sufficiently smooth' means 'continuous' 
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In the case e = 0, the scalar invariant F tiV F l " / is given by 

for constants Q e , Qm G MrH The constant Q + such that Q+ = Ql + Qmi defines, in particular, 
the asymptotic chargq^jof the black hole. 

For convenience, we also define the asymptotic re-normalized mass zu + by 

2ttQ 2 + \ t 2nQ 2 + 



vj + = suptu :— sup m H = m + + 

h+ n+ V r J r + 

In the case of Reissner-Nordstrom, w = zu + = M + . 
We now state 

Theorem 1.4 (Dafermos). Let (Ai = Q + x r § 2 , g^ v , <f>, F^) denote the maximal future 
development of smooth spherically symmetric asymptotically flat with two ends initial data 
for the Einstein-Maxwell-Klein- Gordon system with m 2 = e = such that 

0<|Q+|<n7+. (8) 

Then, CHi+ ^ 0. Moreover, (M,guv) * s future- extendible as a C° -Lorentzian manifold 
(■M,g~^), which can be taken to be spherically symmetric, and there exists continuous func- 
tions (j) and F^u defined on M. such that <f> and F^ v restricted to M. coincide with <f> and F^ v . 
In fact, condition |M) is satisfied for solutions arising from arbitrary initial data in a suit- 
able open neighborhood of Reissner-Nordstrom initial data. In particular, the C° -spherically 
symmetric formulation of strong cosmic censorship is false. 

A solution of Theorem |1.4| has a Penrose diagram that admits an extension as depicted 
below. 




To prove Theorem |1.4| Dafermos relies heavily on the decay properties of the scalar field 



along H + . This decay will be discussed in { 1.4.3 



In order to highlight the importance of trapped surface formation to this discussion, we 
note that Dafermos also deduces the existence of a non-empty 'asymptotically connected' 
component of the outermost apparent horizorp^] A' that terminates at i + (cf. Williams |67|). 
This is given in 



21 In the case t ± 0, see I 2.2.2 

22 Because c = 0, this can be taken to mean, without loss of generality, 'as measured along %+', since Q+ 
is globally constant (cf. footnote |26|. 

23 The outermost apparent horizon A' C A is a (possibly empty, not necessarily connected) achronal curve 
defined by the set of all p S A whose past-directed ingoing null segment in Q+ lies in the regular region TZ 
with at least one g £ K fl J" (X + ) . 



1G 



Theorem 1.5 (Dafermos). Let (A4 = Q + x r § 2 , </ M „,<^>, F^) denote the maximal future 
development of initial data as in Theorem \1.4\ Then, there exists a non-empty 'asymptotically 
connected' component of the outermost apparent horizon A' that terminates at i + . Moreover, 
in a sufficiently small neighborhood U C R 1+1 of i + , 



A'nu = AnU, 



and, in particular, 



+{An 


U)C\Q+ 


c 


T 


:CHi+ 




^X 


/h+ 


.1 



To prove Theorem |1.4| it is necessary to first establish Theorem |1. 5 1 Although the role of 
trapped surface formation is very different, this should be reminiscent of Theorems |1.2| and 
1.3 Deducing that A has a limit point on i + is necessary to prove the stability of the Cauchy 



horizon CHi+ , as opposed to deducing that A has a limit point on br to prove the instability 
of the central Cauchy horizon CHr- 

Of course, the model of Dafermos does not admit central Cauchy horizons, nor does the 
model of Christodoulou admit non-trivial CHi+ , but the analogy is interesting. Within the 
context of the more general Einstein-Maxwell-Klein-Gordon system, this tantalizing behav- 
ior, linking both cosmic censorship conjectures to trapped surface formation, can be further 
explored since both types of Cauchy horizons can be admitted. Indeed, an analogue of Theo- 
rem |1.5| has already been shown by the author when the topology of the initial data has one 
asymptotically flat end. See Theorem |1.10| in §1.6.2| 

1.4.3 'No-hair theorem' and Price's law 

In the study of gravitational collapse, one may ask: What are the possible 'end-states' of 
evolution? 

So-called 'no-hair theorems', e.g. as given, in the present context, by Mayo and Beken- 
stein in [53], assert that if a spherically symmetric Einstein-Maxwell-Klein-Gordon black hole 
spacetime {M.,g llll ) is, in addition, stationary, i.e. the spacetime admits a Killing vector field 
that is asymptotically timelike in a neighborhood of I + , then (M.,g^ v ) is a member of the 
Reissner-Nordstrom family. 

For dynamic spacetimes as given in Theorem |1.1| if BH ^ and the exterior geometry 
'settles down' so as to give rise to a black hole spacetime that is asymptotically stationary as 
i + is approached, then the above 'no-hair theorem' suggests that the spacetime approaches 
Reissner-Nordstrom. The quantitative study of this decay ('settle down') mechanism is asso- 
ciated with the name of Price. 

Formulated in [59] , Price postulates that (massless) gravitational radiation decays polyno- 
mially with respect to the (asymptotically stationary) time co-ordinate along timelike surfaces 
of constant r. Later, the work of Gundlach ct al. [35] refined the heuristics so as to postulate 
that (massless) gravitational flux along the event horizon (resp. future null infinity) will have 
polynomial decay with respect to a suitable advanced (resp. retarded) time co-ordinate. 

In and of itself a major open problem, this decay mechanism, which we call here Price's 
law, is rigorously established by Dafermos and Rodnianski in the case m 2 = e = 0, provided 
that the black hole is 'sub-extremal in the limit' 133 . This is summarized in 
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Theorem 1.6 (Dafermos and Rodnianski) . Let (A4 = Q + x,. S 2 , g^, <fi, F^) denote the 
maximal future development of compactly-supported spherically symmetric asymptotically flat 
initial data for the Einstein-Maxwell-Klein- Gordon system as in Theorem \1.1\ or \l-4\ with 
m 2 = e = 0. Assume that Q + \J-(1 + ) ^ 0. // 

< \Q+\ < w+, (9) 

then, for all e > 0, the scalar field <p satisfies 

101 + |M < c eW - 3+e (io) 

along H + , where v is a suitable normalized advanced time co-ordinatef^j 

We remark that the 'sub-extremal in the limit' condition (p)]) is satisfied for all black hole 
solutions arising in the model of ChristodoulouFj 



A generalization of Price's law to the case m ^ and e ^ will be discussed in \ 1.5.2 



1.4.4 'Mass inflation' and strong cosmic censorship 



While Theorem 1 1 ,6| gives an upper bound for the decay of a massless real- valued scalar field, 
heuristic analysis [H [3J [351 US] and numerical studies [51 [35J suggest that, generically, there 
is a similar lower bound. In fact, the existence of such a generic lower bound may yet, in 
light of Theorem 1 1.4| prove significant in redeeming the validity of strong cosmic censorship, 
for Dafermos shows that if, indeed, such a lower bound for decay holds along H + for any 
'sub-extremal in the limit' black hole, then the curvature must blow up along CHi+ [25. This 
provides mathematical confirmation of the 'mass-inflation' scenario of Israel and Poisson [58] . 
This is given in 

Theorem 1.7 (Dafermos). Let (Ai = Q + x r S 2 , g M „, 4>,F^) be as in Theorem 1.4, where, 
in addition, for a suitably normalized advanced time co-ordinate v and a large V , 

\d v <j>\ > Cv- 9+e for all v>V (11) 



along % + , for some e > 0. Then, the curvature blows up along CH. 



If (111 can be shown to hold for generic initial data, then the C -spherically symmetric 



+ . 
2 



formulation of strong cosmic censorship is true\ We state this in 

Corollary 1.1. Let (M = Q + x r E> 2 ,gfj, u ,(j),F^) be as in Theorem \Tl\ If (11) holds ft 



tor 



generic initial data, then, in particular, the C 2 -spherically symmetric formulation of strong 
cosmic censorship is true. 

1.5 Conjectures 

Generalizing the results of Christodoulou and Dafermos to the full Einstein-Maxwell-Klein- 
Gordon system is, needless to say, no easy task. We discuss a few conjectures here to put 
forthcoming results, announced in §1.6[ into the proper context. For convenience, we will 
here formulate all conjectures in the context of smooth developments as in Theorem |1.1[ 



This being said, experience with the model of Christodoulou (cf. f 1.4.1 ) indicates that it may 
be more natural to consider a larger class of solutions. The reader may wish to replace the 
smooth initial data and their maximal development in the statement of the conjectures with 
less regular initial data and their maximal development for which the conclusion of Theorem 
|l.l| can still be shown. See also the discussion of regularity in p.8.7| 

24 Decay is also established along I + and timelike curves of constant r, but only the decay along T-L + is 
directly relevant for cosmic censorship. We shall, therefore, only make reference to decay along % + in what 

follows 

25 



One can deduce this, a posteriori, from the statement of Theorem |l. 2 1 Since, in this case, CH, : 



-I- 



BH ^ 0, then, necessarily, 5^0, whence A.^% and ra+ > inf.4 -^r > = Q+. In establishing Theorem 
however, 191, i.e. ro+ > 0, must first be shown (cf. |14|). 
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1.2 



1.5.1 'Sub-extremal in the limit' black holes 

The Einstein-Maxwell-Klein-Gordon system admits 'extreme' black hole solutions. In [I], 
Aretakis shows that the wave equation exhibits both stability and instability properties on 
extreme Reissner-Nordstrom horizon geometries, suggesting that the analysis required to deal 
with the class of 'extreme' black hole spacetimes will be delicate. That having been said, the 
following conjecture would imply that 'extreme' black hole solutions are non-generic and thus, 
in particular, one can ignore them in the context of the study of cosmic censorship. 

Conjecture 1.3 ('Sub-extremality' Conjecture). For the development of generic initial 
data as in Theorem \l.l\ if Q + \J~(T + ) 7^ 0, then the black hole is 'sub-extremal in the 
limit 'EH 

It should be noted that the asymptotic charge Q+ (and hence the re-normalized mass 
w+) of the black hole is not, a priori, well-defined when e 7^ 0. Moreover, in this case, unlike 
the case e = in which (the topological) charge Q+ is globally constant, it may be possible 
that the charge radiates completely to infinity. We, however, make the following reasonable 
conjecture. 

Conjecture 1.4 (Non-vanishing Charge Conjecture). For the development of generic 
initial data as in Theorem \ l.l\ with e 7^ 0, if Q + \J~ (1 + ) 7^ 0, then the asymptotic charge Q+ 
of the black hole is non-zero. 

This conjecture is relevant in view of (fSp - 

1.5.2 Price's law 



With respect to the decay rate (10 1 in Theorem 1.6 numerical work [SI [35] suggests that the 
massive charged scalar 'hairs' of a black hole will decay slower than the massless neutral (real) 
ones. In particular, the following conjecture of (a version of) Price's law appears reasonable. 

Conjecture 1.5 (Price's Law Conjecture). Let (A4 = Q + x r S 2 ,^^, </), F^ v ) be as in 
Theorem \l.l\ Assume that Q + \J~ (I + ) 7^ 0. If the black hole is 'sub-extremal in the limit', 
then the scalar field <f> satisfies, where v is a suitably normalized advanced time co-ordinate, 

\<t>\ + \d v cf>\ < Cv-p 

along T~L + , for p = | if m 2 7^ 0. or for p satisfying 1 < p < 2 if m 2 = OFH 

1.5.3 Trapped surface formation 



As discussed in { 1.4.1 trapped surface formation is central to establishing that, generically, 



CHy = 0- Given the nature of the argument sketched in { 1.4.1 Christodoulou was led to 
a trapped surface conjecture in [22], which, in the context of spherical symmetry, takes the 
form of 

Conjecture 1.6 (Spherical Trapped Surface Conjecture). For generic initial data as 
in Theorem \l.l\ the maximal future development either has br = i + or A 7^ and A has a 
limit point on br, whence, a fortiori, CHr = 0- 

By Statement III of Theorem |1.1[ Conjecture |1.1| follows from Conjectur e |1.6| Moreover, 
in the case m 2 = e = F^ = 0, by Statement VII of Theorem |l.l| Conjecture 1.6 also implies 



26 We emphasize that 'sub-extremal in the limit' is to be understood in some neighborhood of i+ in J (i + ). 

27 When the scalar field is massless and charged, the expected fall-off rate p is dependent on the dimensionless 
parameter |cQ-|_| (cf. 38 ). 
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(the C°-formulatior£jof) Conjecture 1.2 since CHi+ = 0. More generally (see Statement VII 
of Theorem | l.ip , if Conjecture 1.6 were true, then the problem of strong cosmic censorship 
completely reduces to understanding the behavior of the solution near CHi+ ■ In short, implicit 
in Conjecture |1.6| is a partial result concerning strong cosmic censorship. 

If, however, we consign ourselves to just resolving weak cosmic censorship, then Theorem 
|1.1| actually allows us to state a weaker trapped surface conjecture, from which weak cosmic 
censorship would also follow. Indeed, since the presence of a single (marginally) trapped sur- 
face indicates^jthat a spacetime has a non-empty black hole region, Theorem 1 1 . 1 1 immediately 
gives, a fortiori, 

Corollary 1.2. Under the assumptions of Theorem \l.l\ if A 7^ 0, thenl + is complete. 

Conjecture |1.1| then follows from 

Conjecture 1.7 (Weak Spherical Trapped Surface Conjecture). For generic initial 
data as in Theorem\l.l\ the maximal future development has either 6p = i + or A 7^ 0. 



In delimiting the geometry of the trapped region (cf. Theorem 1.5), we also state 



Conjecture 1.8 (Outermost Apparent Horizon Conjecture). For initial data as in 
Theorem \l.l\ if the maximal future development has Q + \J~ {1 + ) 7^ and the black hole is 
'sub-extremal in the limit', then there exists a non-empty 'asymptotically connected' compo- 
nent of the outermos¥®\ apparent horizon A' that terminates at i + . Moreover, 

A'nu = Anu 

in a sufficiently small neighborhood U C R 1+1 of i + and, in particular, 

I + {AC\U)C\Q + CT. 

By Statement IV of Theorem |1.1| Conjecture |1.8[ in particular, implies that r extends 
continuously to CHi+ in a suffic ient ly small nei ghbo rhood of i + 
If, in addition to Conjecture 



'preceded' by a trapped region. 



Conjecture 1.6 holds, then B + \ (i + Ul + U z°) is always 
scenario should be compared with the assumptions of the 
trapped surface conjecture given by Christodoulou in [22]. We see that, in the terminology 



of 22J, under Conjecture 1.8 the terminal indecomposable past sets I~(p) l~l Q + for p 6 
Si+ U CHi+ would correspond to sets whose trace on E do not have compact closure, but 
which would nonetheless satisfy Christodoulou's condition for containing a trapped surface. 

1.5.4 Cauchy horizon conjectures 



In light of the results discussed in { 1.4.2 it seems reasonable to conjecture the following. 



Conjecture 1.9 (Continuous Extendibility Conjecture). For the development of initial 
data as in Theorem \l.l\ if Q + \J~(I + ) 7^ 0, the black hole is 'sub-extremal in the limit' and 
the asymptotic charge Q+ 7^ 0, then CHi+ =/= and the metric is continuously extendible 
beyond CHi+ . 

If the set of initial data for which the assumptions of Conjecture |1.9| hold has non-empty 



interior, then the C°-formulation of Conjecture 1.2 is falsel 



Not all hope is lost for the fate of strong cosmic censorship, though. For, if Conjecture 



1.6 can be established, then the C 2 -formulation of Conjecture 1.2 reduces to showing that 



28 cf. discussion of regularity in footnote Il5| 

hole 



29 The converse is not true. A black hole region need not contain a trapped surface. Note, however, 
Conjecture [T7 



:>M 



Sec footnote 23 for a definition. 
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the curvature blows up along CHi+. Because it is expected that a complex- valued scalar 
field will have late-time oscillatory behavior along T~L + (suggested heuristically in [35]), it 
seems unlikely, as a result, that the lower bound (11) of Theorem 1 1 . 7| will hold. Heuristics, 
nonetheless, suggest that 'mass inflation' still occurs and it is reasonable to expect that the 
conclusion of Theorem |1.7| is true. We, therefore, state 



Conjecture 1.10 (CHi+ Curvature Blow-up Conjecture). For generic initial data as 
in Theorem \l.l\ if the maximal future development has Q + \J~ (1 + ) 7^ 0, then the curvature 
blows up along CHi+ ■ 

Although not relevant to weak and strong cosmic censorship, one might expect that null 
boundary components on which r — 0, if they occur at all, to be unstable. As such, the 
following conjecture seems reasonable. 



Conjectur e 1. 11 (Spacelike r — Singularity Conjecture). For generic initial data as 
in Theorem\ll\ if Q + \J~(1 + ) ^ 0, then S^ U S£ U S l+ = 0, S ^ and S is C 1 -spacelike. 



We should remark that although black hole solutions without a spacelike singularity, as 
depicted in diagram VII below, do not serve as counter-examples to weak and strong cosmic 
censorship, it is reasonable to conjecture, as above, that they would be ruled out, nonetheless, 
by genericity, hence we have included the statement S ^ in the above Conjecture. 




VII: black hole without a spacclikc singularity 

1.5.5 Web of implications: cosmic censorship 

For convenience and clarity, we collect the various conjectures and their implications in regards 
to weak and strong cosmic censorship below. 



C'Hi+ Curvature 
Blow-up Conjecture 



Spherical Trapped 
Surface Conjecture 



Weak Spherical Trapped 
Surface Conjecture 



C°-formulation of the 

Strong Cosmic 
Censorship Conjecture 



C°-formulation of the 

Strong Cosmic 
Censorship C onje cture: 
falstPI 



C -formulation of the 

Strong Cosmic 
Censorship Conjecture 



Continuous 

Extendibility 

Conjecture 



Weak Cosmic 
Censorship Conjecture 



'Sub-extremality' 
Conjecture 



_ Non-vanishing 
Charge Conjecture 



31 In showing that the C°-formulation of strong cosmic censorship is false, it suffices to show a weaker 
version of Conjectures |1.3| and |1. 4] for the statements of the latter would only need to hold on an open set of 
solutions, not for generic solutions. 
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1.5.6 Generic Einstein-Maxwell-Klein-Gordon spacetimes 



We wish to conclude this section with a summarized description of generic spherically sym- 
metric Einstein-Maxwell-Klein-Gordon spacetimes, as would follow from a positive resolution 
to Conjectures 1 1.3 1.11 The resulting two classes of generic solutions, which we shall call 
the black hole case and the non-black hole case, have Penrose diagrams as depicted below. 



,° cn l+ 





VIII: black hole with a NFSE Cauchy horizon 



IX: dispersive or 'star-like' 



The black hole case 

Conjectured generic Einstein-Maxwell-Klein-Gordon black hole solutions would have Penrose 
diagram depicted in diagram VIII and would have the following properties: 

1. the black hole is 'sub-extremal in the limit'; 

2. the asymptotic charge Q+ is well-defined and Q + ^ 0; 

3. in a neighborhood of i + in J _ (I + ) the spacetime asymptotically approaches Reissner- 
Nordstrom at a rate given by Price's law; 

4. S ^ (hence A ^ 0) and S is C^-spacelike; 

5. A has limit points on br and i + ; 

6. 5jU^U CHr U S l+ = 0; and, 

7. CHi+ 7^ and the curvature blows up on CHi+ . 

The non-black hole case 

Conjectured generic Einstein-Maxwell-Klein-Gordon non-black hole solutions would have Pen- 
rose diagram as depicted in diagram IX and are of two possible types, one of which we shall 
call dispersive and the other 'star- like'. 

In the case m 2 = 0, it is expected, as in the model of Christodoulou, that all non-black hole 
spacetimes will have vanishing final Bondi mass Mr. These solutions will be called dispersive. 
By the results of Chae [7], there is an 'open' set of initial data containing trivial data whose 
developments are dispersive. 

On the other hand, when m 2 =^ 0, the Einstein-Maxwell-Klein- Gordon system can, in 
general, admit charged (boson) star solutions (44j|63], i.e. when m 2 7^ 0, the scalar field may 
not be 'dispersive'; we shall call such solutions 'star-like'. Let us also note, however, that the 
final Bondi mass M/ is not a suitable measure of dispersive phenomena, as massive scalar 
fields do not radiate to I + (cf. 37J). 
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The rich possibility of solutions in the m 2 ^ case will complicate the analysis of non- 
black hole solutions, but its scope lies outside the context of this paper. Indeed, one may 
formulate a host of conjectures, as we did in the black hole case, regarding the properties of 
generic non-black hole solutions, but expounding on such properties would here take us too 
far afield. 

1.6 Forthcoming results 

In a series of forthcoming papers, we will expand on the characterization given in Theorem 
|l.l| and partially address the conjectures presented in §1.5| but we wish already in the present 
paper to highlight some important results. 

1.6.1 Trapped surface formation 

We have already discussed the significant role trapped surface formation may have in settling 
the cosmic censorship conjectures. It is not, a priori, clear, however, if trapped surfaces are 
able to form dynamically in evolutionPj In a forthcoming paper [3S] , the author shows that 
there is, indeed, a 'large' class of regular initial data, i.e. containing neither marginally trapped 
nor trapped surfaces, whose future development contains a marginally trapped surface. This 
is summarized in 

Theorem 1.8 (Kommemi |49j). For a scalar field of arbitrary mass m 2 > and arbitrary 
charge c, there are solutions to the spherically symmetric Einstein-Maxwell-Klein- Gordon 
system with Penrose diagram as in Theorem \1-1\ such that A 7^ but £ n A = (in fact, 
T,r\BH = 9). 



In proving Theorem |1.8| as in the monumental work of Christodoulou on trapped surface 
formation in vacuum [24] , which has also recently been extended by Klainerman and Rod- 
nianski [33 HZ] , we consider initial data that are trivial along C~ . If data, which may be 
arbitrarily dispersed, are nonetheless suitably 'large', the emergence of a marginally trapped 
surface is guaranteed to occur in their future development. A sufficient largeness condition 
is characterized for a given annular region of spacetime whose dimensionless size and mass 
content satisfjj^] 

1 > mass content > vsizc. 



This should be compared with the result given in Theorem 1.3 for m = e = F^ = 0. 



1.6.2 Cauchy horizon stability and C°-extendibility 

In another forthcoming paper |48j . the author further characterizes the boundary of spheri- 
cally symmetric Einstein-Maxwell-Klein-Gordon spacetimes by showing that if the scalar field 
decays suitably along an event horizon of a black hole that is 'sub-extremal in the limit', then 
the Cauchy horizon CHi+ of Theorem |1.1| is non-empty and the maximal future development 



is continuously extendible beyond CHi+ (cf. Conjecture 1.9). In particular, we have 



32 This should be compared with Proposition |3.l| which states that anti-trapped surfaces are, in fact, non- 
evolutionary (cf. |18|). 

33 A mass content greater than one would indicate the presence of a trapped surface, and mass content equal 
to one in the case of a marginally trapped surface. 



23 



Theorem 1.9 (Kommemi [48]). Let (Ai = Q + x r .S 2 ,5 M ,y,(/),F AU/ ) denote the maximal future 
development of spherically symmetric asymptotically flat initial data as in Theorem \l.l\ As- 
sume that Q + \J~ (T + ) 7^ 0. If the black hole is 'sub-extremal in the limit', the asymptotic 
charge Q+ 7^ and the scalar field (f> satisfies, for p sufficiently larger^] 

\4>\ + \d v cf>\ < Cv-p (12) 

along % + , where v is a suitably normalized advanced time co-ordinate, then 

CH i+ ^ 0. 

Moreover, (Ai^g^) is future- extendible as a C° -Lorentzian manifold (Ai,]f^,), which can be 
taken to be spherically symmetric, and there are continuous functions <p & n d Fpv defined on 
M. such that </> and F^ v restricted to M. coincide with </> and F^ v . 



The proof of Theorem 1.9 relies on a detailed understanding of the interior black hole 
geometry, which includes regions of infinite red-shift near the event horizon and regions of 
infinite blue-shift near the Cauchy horizon. While similar in spirit to the proof of Theorem |1.4[ 
the analysis required to prove Theorem |1.9| must overcome two complications that preclude 
the presence of special monotonicity heavily exploited in [2S]: (1) m 2 is not assumed to vanish; 
and, (2) the Maxwell field F^ v does not decouple from the rest of the system when e 7^ 0. 

In the course of establishing the result, we also deduce the existence of a non-empty 
'asymptotically connected' outermost apparent horizon A' terminating at i + (cf. Theorem 



1.5 and Conjecture 1.8). This is summarized in 



Theorem 1.10 (Kommemi [18). Let (Ai = Q + x r S 2 , g^, <f>, F^ v ) denote the maximal 
future development of spherically symmetric asymptotically flat initial data as in Theorem 
\l.l\ Assume that Q + \J~ (I + ) 7^ 0. If the black hole is 'sub-extremal in the limit' and the 
scalar field <f> satisfies, for all e > 0, 

H + |d t ,0|<CtT5- e 

along H + , where v is a suitably normalized advanced time co-ordinate, then there exists a 
non-empty 'asymptotically connected' component of the outermost apparent horizon A' that 
terminates at i + . Moreover, 

A'nu = Anu 

in a sufficiently small neighborhood U C M 1+1 of i + and, in particular, 

i + {AnU)nQ + cT. 

Provided the black hole is 'sub-extremal in the limit', we have therefore shown that Con- 



jecture 1.8 follows from a weaker version of Price's law (Conjecture 1.5) 



1.7 Generalized extension principle 



The main content of Theorem 1.1 consists of establishing an extension principle, characterizing 
'first singularities', considerably stronger than that proposed by Dafermos in [28]. While 
useful for weak cosmic censorship, the extension principle of |28j . which concerns only the 
closure of the regular region TZ of spacetime, is insufficient to delve into the inner reaches of 
the black hole region where there are, potentially, trapped surfaces. Not only will we prove, 
in particular, the extension principle of [21] for our system ([2])-((6]), but we will give a stronger 

34 We currently require p > 2 in fijt . In light of the conjectured Price's law (cf. j jl.5.2| we would hope 
to improve to some p < 2. One can, nevertheless, for arbitrary p, construct non-trivial asymptotically flat 
solutions satisfying the assumptions of Theorem 11.91 by solving a scattering problem. 
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result: A 'first singularity' must emanate from a spacetime boundary to which the area-radius 
function r extends continuously to zero. 

An important result in its own right, we wish to include this generalized extension principle 
as a stand-alone statement. In view of applications to cosmological topologies or to the case 
of two asymptotically flat ends, it is useful to add an assumption on the finiteness of the 



spacetime volume, which, as we shall see (cf. Proposition 3.2), can be retrieved under the 



assumptions of Theorem |1.1| We thus formulate the extension principle as follows 

Theorem 1.11. Let (A4 = Q + x r § 2 , g^ Vl tfi, -F) t „) denote the maximal future development 
of smooth spherically symmetric initial data for the Einstein-Maxwell-Klein- Gordon system. 
ForpeQ+ and q e (J-(p) n Q+) \{p} such that V = (J + (q) n J~(p)) \{p} C Q+ , if 

1. T> has finite spacetime volume; and, 

2. there are constants r$ and R such that 

< r Q < r(p') <R<oo for all p' e V, 

then p € Q + . 

We should re-iterate that there is neither an assumption on the global (say, asymptotically 
flat or hyperboloidal) geometry nor the topology of the initial data in Theorem |1.11| This 
generality of the extension principle is made possible by the fact that the proof of Theorem 
1 1 . 1 1 1 does not rely on energy flux conservation^ which is unavailable in the trapped region, 
but that it directly exploits the special null structure in the Einstcin-Maxwcll-Klein-Gordon 
system. This null structure manifests itself as follows: To pointwise control fi 2 , </> and F^, 
it suffices to give spacetime integral estimates 



r 2r 



T uv dudv and / / D u (d v ^ + d v <t> (D„0) f dudv. (13) 



In particular, that the 'bad' uu- and w-componcnts do not appear in the integrands of ( 13 ) 



is a consequence of the null structure (both of the coupling of the matter equations to gravity 



and the matter equations themselves, respectively). This allows us to integrate by parts (13) 



so as to always exploit one of the 'good' ingoing or outgoing directions. The symmetrization 
in 

plays an important role in being able to make use of the null structure. See §4.3.1||43.6[ 

1.8 General spherically symmetric Einstein-matter systems 

Because of the importance of a suitable extension principle in providing a global characteri- 
zation of spacetime, we wish to cast the contents of |28j and Theorem |1. 1 1| in a much greater 
context. 

1.8.1 Weak and generalized extension principles 

We begin with the following definitions, recalling the notation introduced in Theorem |1.1| 

Weak extension principle. The weak extension principle is satisfied for an Einstein-matter 
system if the following condition holds: Let (Ai = Q + x r S> 2 ,g^ u , . . .) denote the maximal 
future development of spherically symmetric asymptotically flat initial data with one end 
containing no anti-trapped regions. Suppose p € 1Z\T C Q+ and q € (l~(p) H Tl) \{p} are 
such that {J- (p) n J+ (q)) \{p} C K U A. Then, peKUA. 



'provided by the monotonicity of the Hawking mass 
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We emphasize that the closure and causal-geometric constructions are with respect to the 
topology of the ambient M 1+1 . The weak extension principle states that a 'first singularity' 
emanating from the regular region can only do so from the center. 

Generalized extension principle. The generalized extension principle is satisfied for an 
Einstein-matter system if the following condition holds: Let (Ai = Q + x r . § 2 ,g M „, . . .) denote 
the maximal future development of spherically symmetric initial data. For p g Q+ and 
q € (I~(p) n Q+) \{p} such that V = (J + (q) n J~(p)) \M C Q+, suppose that 

1. I? has finite spacetime volume; and, 

2. there are constants ro and R such that 

< r < r(p') < i? < oo for all p' £ V. 

Then, pe Q+. 

The generalized extension principle states that given a 'first singularity' either it must 
emanate from a spacetime boundary to which the area-radius function r can be extended 
continuously to zero, or else the causal past of the 'first singularity' will have infinite spacetime 
volume. 

As our naming convention suggests, the generalized extension principle should imply the 
weak extension principle. Without, however, a suitable energy condition this need not be 
the case. We show that the null energy condition is sufficient to rule out the possibility of 
the causal past of the 'first singularity' having infinite spacetime volume whenever the initial 



data are free of anti-trapped regions (cf. Proposition 3.2 in £3.2) 



As in Theorem 1.11 the generalized extension principle is stated without reference to the 
topology or geometry of the initial data and can be applied, for example, to the cosmological 
setting or the case with two asymptotically flat ends. 

1.8.2 'Tame' matter models 

In accordance with the above extension principles, we introduce the following notions of 
'tame' Einstein-matter systems. 

Definition 1. A spherically symmetric Einstein-matter system obeying the dominant energy 
condition that satisfies the weak extension principle is called weakly tame. 

Definition 2. A spherically symmetric Einstein-matter system obeying the dominant energy 
condition that satisfies the generalized extension principle is called strongly tame. 

With this classification we have 

Proposition 1.1. A strongly tame Einstein-matter system is weakly tame. 

For a proof of this statement, see §5.1| 



1.8.3 Generalization of Theorem [TTT] to strongly tame matter models 



The proof of Theorem |1.1| after the conclusion of Theorem 1.11 has been established, follows 
from a series of monotonicity arguments governed by the dominant energy conditionrj No 
structure particular to the Einstein-Maxwell-Klein-Gordon system is used. As a result, we 
can state 

36 Much of Theorem IliI in fact, uses the monotonicity gov erned by Raychaudhuri's equation, which just 
needs the null energy condition (cf. the proof of Theorem 11. II in 951. 
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Theorem 1.12. Let (A4 = Q + X r § 2 , g M „, . . .) denote the maximal future development of 
smooth spherically symmetric asymptotically flat with one end initial data for a strongly tame 
Einstein-matter system containing no anti-trapped spheres of symmetry. Then, the conclusion 
of Theorem \1.1\ holds for this system. 

See the comment in ^6] regarding the proof of this statement. 



1.8.4 A version of Theorem 1.1 for weakly tame matter models 



One can deduce from the proof of Theorem |1.1| that the weak extension principle, in fact, 
recovers the boundary characterization of Statement II except for the characterization that 
r vanishes on S. In other words, establishing the weak extension principle is not sufficient to 
rule out the possibility that r has non-zero limit values on (part of) S. 

To establish many of the statements of Theorem |1.1| however, it is not important to have 
a characterization of r on S; these results, consequently, hold, mutatis mutandis, for weakly 
tame matter models. In particular, we state 

Theorem 1.13. Let (Ai = Q+ x r . § 2 , g^, . . .) denote the maximal future development of 
smooth spherically symmetric asymptotically flat with one end initial data for a weakly tame 
Einstein-matter system containing no anti-trapped spheres of symmetry. Then, except for the 
statements enclosed in boxes, the conclusion of Theorem \l.l\ holds for this system. 

It should be noted, moreover, that many of the enclosed 'boxed' statements can be (triv- 
ially) re-worked as to apply even in the weakly tame casepj 

Statement IV.3* If S%\JS i+ ^ 0, then AUT ± 0. (If S£uS i+ = 0, then AUT is possibly 
empty.) 

Statement IV. 5a* If A ^ 0, then all limit points of A that lie on the boundary Q + \Q + 
lie on CHi+ U i + and on a (possibly degenerate) closed, necessarily connected interval of 
b r U S£ U CH r U S. 

Statement IV.5e* If Sj? U S l+ ^ 0, then A has a limit point on b T U S^ U CHr U S. 

Statement VII. 1* The Kretschmann scalar R ilva ^'R ia ' a " is a continuous [0, oo]-valued 
function on Q + U S^ U Si+ that yields oo on <S 2 U S t + . 

Statement VII. 4* If (A4,g^) is future-extendible as a C 2 -Lorentzian manifold (M,g~^), 
then there exists a timelike curve 7 C A4 exiting the manifold Ai such that the closure of 
the projection of ^\m to Q + intersects CHr U5U CHi+. 

Since in a weakly tame model we know nothing, a priori, about the behavior of the 
metric at S, we note that, in turn, Statement VII. 4*, in practice, tells us very little about 
inextendibility properties. For this reason, establishing that an Einstein-matter system is 
strongly tame is a crucial first step in understanding strong cosmic censorship. 

1.8.5 Examples of weakly and strongly tame models 

We now give examples of known tame Einstein-matter systems. 



37 In the case of Statement VII. 3, it is presumed that we can extend the solution into a neighborhood of i~K 
Since, a priori, this neighborhood will contain trapped spheres, we must appeal to the generalized extension 
principle. Moreover, because we need to establish a positive (non-zero) lower bound on r in this neighborhood, 
although there is no explicit reference to S, Statement VII. 3 requires, indeed, that a characterization of r be 
given along S. 
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Strongly tame 

In the language of §1.8. 2| Theorem |l . 1 1 | shows that Einstein-Maxwell-Klein- Gordon is strongly 
tame, whereas Dafermos and Rendall show in [32] that Einstein- Vlasov is also strongly tamerj 
We note that in both proofs one heavily exploits relevant null structure (arising, in the 
former case, from the coupling of the matter equations to gravity and the matter equations 
themselves, while in the latter case, just in the coupling). We make the following imprecise 
conjecture. 

Conjecture 1.12. If a spherically symmetric Einstein-matter system satisfies a suitable 'null 
condition', then the system is strongly tame. 

For a discussion of the 'null condition', see Klainerman [35] . 

Weakly tame 

Dafermos shows in [27] that Einstein-Higgs with non-negative potential V(<f>) is weakly tame. 
Narita [54] considers 'first singularity' formation in the Einstein-wave map system with 
target S 3 and H 2 . In the language of the present paper, these models are weakly tame. 

1.8.6 Exotic models 

The definitions of weakly and strongly tame are tailored specifically so as to apply to classi- 
cal, self-gravitating matter models. One often encounters in the physics literature, however, 
models that are 'exotic' in some respect. In the sequel, we will show that suitable notions of 
weakly and strongly tame can still be introduced for such exotic systems. 

Exotic matter 



Immediate from the proof of Theorem 1.11 it follows that Einstein-Klein-Gordon (e 2 = F^ v — 
0) with m 2 < satisfies the generalized extension principle, but because this non-classical 
matter model does not obey the dominant energy condition, it is not, according to our def- 
inition, strongly tame. The matter model, however, does obey the null energy condition. 



As the proof of Theorem 1.12 will make clear, many statements that hold for strongly tame 
Einstein-matter systems, in fact, follow from monotonicity governed by Raychaudhuri's equa- 
tion, which just needs the null energy condition. As a result, much can still be said of the 
global structure of Einstein-Klein-Gordon spacetimes when m 2 < 0. See the recent work 
of Holzegel and Smulevici who consider spherically symmetric asymptotically AdS Einstein- 
Klein- Gordon spacetimes [4"0ll41j . 

In the case of Einstein-Higgs, the proof of the weak extension principle in [57] can be 
established with the help of the flux provided by the Hawking mass. The weak extension 
principle, consequently, can be given more generally for a potential that is bounded from 
below by a (possibly negative) constant: V(cf>) > — C. Allowing for such a lower negative 
bound, |27j was able to disprove a scenario of 'naked singularity' formation that had appeared 
in the high energy physics literature. Unless the potential is non-negative, however, this non- 
classical matter model is not weakly tame, by our definition, because it does not obey the 
dominant energy condition. 

Although we will not discuss further such non-classical exotic matter, one could consider 
systems such as Einstein-Klein-Gordon (arbitrary m 2 ) as being 'quasi-strongly tame' and 
Einstein-Higgs with V{4>) > —C as being 'quasi- weakly tame', et cetera. 



38 Previously, Dafermos and Rendall had shown that Einstein- Vlasov is weakly tame in 30 . In view of 
Proposition 1 1.1 1 however, this is immediate from the subsequent work of 1321 . 
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Higher dimensional case 

Dafermos and Holzegel show that the analogue of the weak extension principle holds for the 
maximal future development of asymptotically flat Einstein- vacuum initial data having triax- 
ial Bianchi IX symmetry [29]. Here, spacetime (M.,g^ v ) is 5-dimensional and SU(2) acts by 
isometry. The Einstein-vacuum equations under this symmetry assumption can be written 
as a system of non-linear PDEs on a 2-dimcnsional Lorentzian manifold Q + — M/SU(2) 
(possibly with boundary) , whose 'two dynamical degrees of freedom' correspond to the possi- 
ble deformations of the group orbit 3-spheres. This vacuum model shares a formal similarity 
with a spherically symmetric 4-dimensional Einstein-matter system, whose matter obeys the 
dominant energy condition. We can, as a result, formally view triaxial Bianchi IX as being 
weakly tame in our present context. 

One can consider more straightforward generalizations to higher dimensions by considering 
spherically symmetric n-dimensional (n > 4) spacetimes (A4,g^) whereby SO(n — 1) acts 
by isometry (cf. [SO])- 

Modified gravity 

Narita [SS] has considered 'first singularity' formation in the spherically symmetric Einstein- 
GauB-Bonnet-Klein-Gordon system (n > 5) with m 2 = 0. In the language of the present 
paper, this system is weakly tame. 

1.8.7 Regularity of the maximal future development 

Our notion of 'tameness' attempts to classify the type of 'first singularities' a given spherically 
symmetric Einstein-matter system will exhibit. This classification is naturally regularity- 
dependent. The discussion of weakly and strongly tame models above has been restricted to 
the case of smooth maximal future developments. It will often be convenient, even necessary, 
to consider developments that are non-smooth. 

Solutions of bounded variation for the scalar field model 



As we have mentioned before (cf. [1.4.1), in order to initiate the study of a large class of 
solutions sufficiently flexible to exploit the genericity assumption inherent in the formulation of 
cosmic censorship, Christodoulou introduces a notion of bounded variation (BV) solutions for 
the spherically symmetric Einstein-Klein-Gordon system with m 2 = 0. In |16j . Christodoulou 
establishes the well-posedness of an initial value formulation of this system for given BV 
initial data. Christodoulou is, moreover, able to establish that the system is, in the language 
of the present paper, strongly tame. 

Shell-crossing singularity formation in Einstein-dust 

Consider the Einstein-Euler system with equation of state p = 0, i.e. a pressure-free fluid. 
This system is also known as Einstein-dust. The spherically symmetric (infinite dimensional 
family of asymptotically flat) solutions of the Einstein-dust system were first given by Tolman 
in [65 based on the work of Lemaitre |51j . Beginning with the work of Oppenheimer and 
Snyder 5G , which discussed in detail the gravitational collapse of a uniform density 'ball of 
dust', this matter model had (and still does) spawn great interest in the physics community. 
In Yodzis et al. [68], it is shown that, in general, the Einstein-dust system forms ('naked') 
'first singularities' away from the center, commonly referred to as shell-crossings, in the class 
of smooth maximal future developments. In the language of the present paper, this shows 
that Einstein-dust is not weakly tame (and hence not strongly tame) in the smooth sense. 
In a way, this result is unsurprising; shell-crossings occur already in the absence of gravity, 
e.g. on a fixed Minkowski background. It turns out, however, that the solution obtained 
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by extending beyond the shell-crossings makes physical sense (the metric is, in particular, 
still continuous 57j as long as r > 0). One can thus view Einstein-dust as being strongly 
tame in a suitable class of rough solutions. We note, however, the negative resolution of 
cosmic censorship for the Einstein-dust system, even in this more appropriate class, shown 
by Christodoulou (cf. j fDQj I. 



Shock formation in Einstein-Euler 

The breakdown of smooth solutions of the Euler system has been studied extensively in 
[SI Ell [64] . In coupling to gravity, Rendall and Stahl [60] show that under assumption of 
plane symmetry, smooth solutions still break down in (arbitrarily short) finite time. It is 
believed that, as in the classical Euler system, the breakdown of Einstein-Euler again is a 
result of the discontinuities of the fluid flow, commonly referred to as shocks. In the language 
of the present paper, Einstein-Euler (for general equation of state) is not weakly tame (and 
hence not strongly tame) for smooth maximal future developments. Understanding the global 
properties of solutions to the Euler system, in the context of less regular developments, 
remains a long-standing (and very difficult!) open problem, where a large-data theory is 
unavailable even in 1 + 1-dimensions. 

The two-phase fluid model of Christodoulou 

Christodoulou sought to understand a two-phase fluid model that would capture many of the 
features of actual stellar gravitational collapse and at the same time would be mathematically 
tractable. In |18) . Christodoulou considers the spherically symmetric Einstein-Euler system 
with a two-phase barotropic equation of state given by 

if p< 1; 

p — 1 if p > 1, 

i.e. the soft phase of the two-phase model coincides with that of dust (p — 0) while the hard 
phase coincides with that of a massless real-valued scalar field, where 



p = - (i - g^d^d„4>) - i 



with the restriction that —g^ v d v 4> be a future-directed timelike vector fieldj^] This model 
seeks to capitalize on the insight gained via his study of dust (see below) and his subsequent 
work on scalar fields. Here, shocks develop from the development of smooth initial data in 
the form of the boundary between the phases. Their dynamics can then be understood as a 
free-boundary problemrj which is studied extensively in [THl HOI ■ • ■ ] j_] In this collection of 
work, Christodoulou shows, in particular, in the language of the present paper, that, in the 
context of a suitably rough maximal future development, this two-phase model is strongly 
tame. 

1.8.8 Cosmic censorship for Einstein-dust and the two-phase model 



In { 1.8.7 we saw that the shell-crossing singularities of [68] are not 'naked singularity' solu- 
tions from the point of view of the correct concept of a solution. On the other hand, that, 
indeed, true 'naked singularities' generically form for the Einstein-dust model is later proven 
by Christodoulou [13]. Specifically, in the the collapse of an inhomogeneous ball of dust, there 
exists an open set of initial mass densities po such that the mass density p will become infinite 

,i9 This requirement, i.e. is a time function, is necessary to ensure that the scalar field has a hydrodynamic 
interpretation. 

40 for which the timelike components of the phase boundary correspond to shocks 
41 Part of this series by Christodoulou is unpublished. 
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at some central point before the formation of a trapped surface occurs, as opposed to the 
shell-crossing 'first singularities' of [55] that are inessential. In the language of the present 
paper, the Penrose diagram of such a spacetime is given by diagram III in j |1.4.1| ('light cone 
singularity') with i u — i nakod ; where p(br) = oo and for which, generically, the metric is 
extendible across CHr- In particular, Christodoulou shows that Conjectures |1.1| and 1.2 are 
false for any suitable notion of an Einstein-dust solution. 

It should be noted, however, that the work of Christodoulou on Einstein-dust is not the 
death knell of cosmic censorship. The equation of state p = is a very special one, one 
which becomes less and less plausible as p — > oo. If one wishes to consider the problem of 
cosmic censorship for Einstein-Euler, then more realistic equations of state must be allowed. 
In this sense, the two-phase model introduced by Christodoulou is perhaps the most tractable 
realistic model improving the pure dust case. Because of the scalar field structure of the hard 
phase, and in light of Theorem |1.2| it is reasonable to expect that cosmic censorship will be 
true; this conjecture, however, remains open. 



1.8.9 Table of weakly tame and strongly tame models 

We conclude this section with a summary of our discussion. 

Unless otherwise noted by a box, the following hold for smooth maximal future develop- 
ments. In the case of rough developments, the usual caveats about uniqueness apply, as the 
well-posedness statement, which is formulated 'downstairs', can only be discussed assuming 
the symmetry of the development. 

For exotic models, a * indicates that weakly and strongly tame are to be understood in a 



suitable sense, e.g. in view of the failure of the energy condition (cf. j |1.8.6 ) 
Matter model Weakly tame Strongly tame 



Remarks 



Maxwell- Klein-Gordon 

Vlasov 

Klein-Gordon, m 2 = 0, [j3V 

Higgs, V(4>) > 

Wave maps, target S 3 , H 2 

Yang-Mills, et al. 

Euler (p = 0) 

Euler (p = 0) 

Euler 



suitably rough 



Euler, suitably rough 



Two-phase fluid, free-boundary 



Vacuum, triaxial Bianchi IX 
Klein-Gordon, m 2 < 
Higgs, V{4>) > -C 
GauB-Bonnet-Klein-Gordon, m 2 



Yes 
Yes 
Yes 
Yes 
Yes 
? 

No 

Yes 

No 

? 

Yes 
Yes* 
Yes* 
Yes* 
Yes* 



Yes 
Yes 

Yes 
? 
? 
? 

No 

Yes 

No 

? 

Yes 
? 

Yes* 
? 
? 
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1.9 'Sharpness' of the boundary characterization 

We briefly discuss here the 'sharpness' of the boundary characterization as given in Theorem 

o 

For the purpose of this discussion, it is helpful to define a coarser descriptiorj^j of the 
boundary. Let us define 

S = Sp U S U S i+ . 



42 The set cS 2 U S U cS^+ can be understood as a unit in the statement of Theoremll.il See Statements IV. 3, 
IV. 5. e and VII. 1. Indeed, S 2 U 5 U S;+ corresponds to the set B a in |32[ . The reason we choose to separate 
the components is to highlight the fact that r can be zero on the null components that emanate from &r and 
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The spacetime boundary ufh is then given by 

B + = b r U S r U CHt U 5 U CH. i+ Uj d U1+U i°. (14) 

The sets fer, i , I + and i are always non-empty. The set 5 is non-empty for every black 
hole solution in the case m 2 = e = F^ u — (cf. { 1.4.1 1. Christodoulou [THl [T7] constructs 



explicit examples in the BV class for which Sp is non-empty and examples for which CHt is 
non-empty. On the other hand, an easy pasting argument involving the Reissner-Nordstrom 
solution yields examples in which CHi+ is non-empty. Thus, we have the following theorem. 



Theorem 1.14. For each type of boundary component in {IJ^j , there exists a development of 
data as in Theorem \l.l\ (possibly in the more general BV class) for which that component-type 
is non-empty. 

It may be useful to introduce the following nomenclature: 

Definition 3. A strongly tame Einstein-matter model for which the conclusion of Theorem 
|1.14| holds is called fully general. 

In this language, the Einstein-Maxwell-Klein-Gordon system is fully general, in fact, the 
'simplest' model that is known to be fully general}^] This is one way to understand the 
importance of the charged scalar field model in studying spherically symmetric formulations 
of cosmic censorship. 

1.10 Is it possible to 'super-charge' a black hole? 

Lastly, we would like to conclude with an immediate consequence of Theorem |1.1| which is 
of relevance to a discussion in the physics community. 

The notion of 'destroying' the event horizon by means of 'super-charging' or 'super- 
spinning' (near-)extremal Reissner-Nordstrom or Kerr-Newman black holes has been enter- 
tained in the literature, e.g. HEHMHHI1S1IS2EI1IS2IM], 'transforming' a black hole into a 
'naked singularity'. If this were possible, then weak cosmic censorship would be false. These 
constructions, however, share the feature that A 7^ 0. One is thus to imagine a Penrose 
diagram as depicted below: 

•naked 




In view of Theorem [lT] such spactimes simply do not exist. Since A ^ 0, by Statement III 
of T heorem I l.l[ I + is complete and the correct Penrose diagram is as depicted in Theorem 
[Li] with BH y^ and i = i + . Interestingly, one need not understand the precise long-time 
behavior ofH + to infer this. In particular, no 'naked singularity' can be created in the present 
model by 'super-charging' a black hole. This confirms the original intuition of Wald [55] . 



43 One could, of course, define alternative notions of 'fully general' with respect to the original decomposition 
JTb, or requiring that various component- types be simultaneously non-empty, et cetera. We shall not pursue 
this here. 
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2 Preliminaries 

We begin by introducing a few mathematical preliminaries. In what follows, causal-geometric 
constructions, e.g. the causal future J + , the causal past J~ , the chronological future I + , the 
chronological past I~ , etc., will refer to the underlying flat Minkowski metric rj^ and its 
induced topology on R 1 + 1 p4] 

2.1 Spacetime geometry of the maximal future development 

We consider those spacetimes that, as in Theorems |1.1| and |1.11| are the maximal future 
developments of spherically symmetric initial data. In constructing the developments a local 
existence result is needed. We apply an easy generalization of a theorem of Choquct-Bruhat 
and Geroch |12j . together with standard preservation of symmetry arguments, to obtain 

Proposition 2.1. Let (S^ 3 ', . . .) be a smooth spherically symmetric initial data set for the 
Einstein-Maxwell-Klein- Gordon system, where, topologically, E*- 3 ' is homeomorphic to either 
M 3 , S 2 x R or § 3 . Then, there exists a unique smooth collection (Ai, g^ u , <j>, F^) such that 

1. g^u, (f) and F^ satisfy the Einstein- Maxwell- Klein- Gordon equations pp-{w; 

2. (.M,<7 M „) is globally hyperbolic and X^ 3 ' is a Cauchy surface; 

3. {M.,gfj,ui $i Ffiv) induces the initial data set (X*- 3 ', . . .); and, 

4-- any other collection {M.,'g^,(f>,F tlv ) satisfying Properties 1-3 can be embedded into the 
given one. 

Moreover, SO(3) acts smoothly by isometry on M. and preserves (jxft and F^, and the quo- 
tient manifold M/ SO (3) inherits the structure of a 2-dimensional, time-oriented Lorentzian 
manifold (possibly with boundary) that can be conformally embedded as a bounded subset of 

(R 1+1 ,»V). 

Let r denote the projection to A4/SO(3) of the set of fixed points of the SO(Z)-action on 
A4. r is then the (possibly empty, not necessarily connected) timelike boundary of A4/SO(3), 
called the center of symmetry. 

IfY,( 3 ) ~ K 3 ; then T is non-empty and has one connected component. 

7/S( 3 ) ~ § 2 x R, then T is empty. 

If Y>( 3 > ~ S 3 , then T is non-empty and has two connected components. 



Not immediately included in Proposition 



2.1 



is the case in which £( 3 ) ~S 2 x§'. In this 



case, however, we can apply the result to the universal cover of T,^ 3 ', which has topology 

§ 2 X R. 

Since our spacetime manifold A4 admits a spherically symmetric spacelike Cauchy hyper- 
surface £( 3 \ if -k : M — > Ai/SO(3) is the standard projection map, then E = 7r(£( 3 )) is a 
connected spacelike curve 'downstairs' in M/SO(3), as S^ 3 ^ is preserved under the 5*0(3)- 
action. 

Let Q + = j+ (vj( 3 ))/5'0(3). For the asymptotically flat with one end initial data consid- 



ered in Theorem 1.1 we have S^ 3 ^ ~ R 3 . In which case, past-directed causal curves issuing 
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from a point p € Q + will terminate at a single point on £UI\ Thus, £ is the past (spacelike) 
boundary of Q + as depicted below. 

As conformal embeddings preserve causal structure, the standard double null co-ordinates 
(u, v) of the ambient M 1+1 provide a global chart on Q + , and its metric can be written 
g a bdx a dx b = — n 2 dudv. In particular, the full metric on A4 is given by 

g ilv dx ti dx v = — n dudv + r h 

where h — d8 2 +sin 2 Qd(p 2 is the standard metric on S 2 and r : Q + — > [0, oo) is the area-radius 
function given by 



r(p) 



Area(7r l (p)) 



4tt 



The embedding into K 1+1 shall be chosen, in the case that T is non-empty and connected, 
such that d/du points 'inward' towards Y and d/dv points 'outward' away from T. 

2.2 Determined system 

In order to work with a determined Einstein-Maxwell-Klein-Gordon system of equations, we 
must fix the inherent gauge freedom that arises. 

2.2.1 Choice of gauge 

The system of equations ([2])-([6]) is invariant under local U(l) gauge transformations 



A, 



e 
A, 



d^X, 



for any smooth real-valued function \. Fixing a gauge amounts to fixing \- 

Let us recall that the electromagnetic field strength 2-form F can be expressed as 

Although the 1-form A need not be spherically symmetric, the SO(3) group action does, by 
assumption, preserve F. In particular, F can have only two non-vanishing components: 

F = F uv du A dv + F 8ip d9 A dip. 

Since every 2-form is proportional to the volume element on S , it then follows from the fact 

that dF = that 

F etp = Q m V^sin6 (15) 

44 We take the convention p 6 J + (p) D J~(p), but p £ I + {p) Ul~{p). 



U 



for some constant Q m such thalPj (cf. the Dirac quantization condition) 

1„ 



4?re 2- 

The quantity Q m y/^ir is to be interpreted as the (topological) magnetic charge of M. 

Unless F is (de Rham) cohomologically trivial, there is no globally-defined 1-form A (on 
M.) such that dA = F. Given F, we can define uniquely, however, a gauge on Ai\{9 = it} 
by imposing the following conditions: 

A u {u,V,6,(p)\ n _ 1{J , ur) = 

A v (u,v,9, ip) = 

A$(u,v, 9, if) = 

A v (u,v,d = 0,(p) = 0. 

Note that 

A u du 

is a globally-defined 1-form on Q + . In this choice of gauge, we have that 

deA v = Fe v = Q m V47rsin0, 

and hence 

A v = Q mV / 4^(l-cos6»). 

In spherical symmetry, we have the requirement that D#0 = D v 4> = 0. Since 

-Dg<t> = d e 4> = 0, 
we note that <fi is independent of the co-ordinate 9. On the other hand, since 

D v = d v (/) + tiApcfi = 0, 
we have, upon integration, that 

(f>(u,v, (p) — exp I — ei(3 m v47r (1 — cos 9) <p) c/)(u,v, ip = 0). 

Thus, (j> on each group orbit is determined by the value of </> at a single point on the 2-sphere 
(modulo a phase). In particular, we note that <f><fy is spherically symmetric as 

(j>(j)^(u,v,ip) = (f>^(u,v,(p = 0), 

i.e. (jxft depends only on u and v. 

2.2.2 Energy-momentum tensor 

Let us note that the energy-momentum tensor PJ-Q immediately gives 

T uu = D u 0(D„0) t 

T vv = d v cj) (d v <j>y . 

To compute the other components of the energy-momentum tensor, let us consider the scalar 
invariant F^F^ V . We note that in spherical symmetry, 

= 2g 6e 9 ^(F e<p f-2(g uv f(F av ) 2 

-Ql - Mr 4 (F uv f . 



r* 



'In spherical symmetry, however, Q m v47r need not be discrete (cf. i 2.2.5 i 
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Let us define the quantity Q e (called the electric charge) by 

V^Q c = r 2 Q- 2 F uv . (16) 

Noting the identity 

p pt*v _ _[ 

the (u, v)-component of (pl^Q then reads 



F y,vF — 4 [Qc ^mj 



T M . u = ^ 2 (mW+ " c ; 4 "" : ), (ir , 

Lastly, we note that the spherical components of the energy-momentum tensor are given by 
T w = Tee sin 2 9 = r 2 £T 2 ( D u (cW) f + d v <f> (D„0) f - i m 2 f> 2 ^ Q: ' Q " 



Since T uu > and T vv > 0, the Einstein-Maxwell-Klein-Gordon system obeys the null 
energy condition. If, in addition, m 2 > 0, then T uv > and thus the model obeys the 
dominant energy condition. We shall assume m 2 > henceforth]^] 

2.2.3 Magnetic charge 

For spacetimes with one asymptotically flat end, as in the context of Theorem |1.1| we note 
that the initial Cauchy hypersurface X^ 3 * 1 in M. has topology ]R 3 . In particular, Q 2 ^ necessarily 
vanishes for these spacetimes. Because, however, we do not make any assumptions on the 



topology of initial data in Theorem 1.11 we will not assume in the sequel that Q 2 ^ vanishes 



2.2.4 Reduced system of equations 

The spherically symmetric Einstein-Maxwell-Klein-Gordon system reduces (in the gauge of 



£2.2.1 ) to the following equations on Q + for C -functions (r, fl, <j), A 



rd v d u r = -^n 2 - d v rd u r + mVoW + irtfr^Q 2 (18) 

r 2 d u d v log ft 2 = -27rr 2 (p u <j) (9^) f + d v <f> (D u 0) f ) - 27rft 2 r- 2 Q 2 + jfl 2 + d u rd v r (19) 

d u {Sl~ 2 d u r) = -4^rfi- 2 D u (D u 0) f (20) 

d v {n- 2 d v r) = -4irrn- 2 d v <j>{d v c/)) 1< (21) 

d u Q c = eiVnr 2 (V (D u 0) f - ^D u ^) (22) 

d v Q c = -ciV^r 2 (0 {d v ^ - tfd v <fy (23) 

d a d v cf> + r- l {d u rd v <j> + d v rd u <t>) + eitf(A) = --m 2 n 2 cj> (24) 

*(A) =A u { ( (>d v logr + d v cj>)- ^n 2 r- 2 Q c( j) (25) 

Q 2 = Ql + Ql (26) 

d v A u = -^tfr- 2 Q c . (27) 



46 In the case of the Einstein-Klcin-Gordon system (c = F^ v = 0), the assumption that m 2 > can be 
dropped in the proof of Theorem II. Ill See footnote 1501 
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2.2.5 Quantization condition 

Let us note that while the restriction e € Z and V^LrQm € \7L appears in the set-up of 



[1.1.1 and [2.2.1 in the reduced spherically symmetric system (18)-(27l we can take these 
constants to be, in fact, arbitrary. In particular, we can take the continuous limit e — > (and 
the continuous limit m 2 — > 0) in the spherically symmetric Einstein-Maxwell-Klein-Gordon 
system to obtain the special models of Christodoulou and Dafermos (cf. j |1.4| ). 

3 Rudimentary boundary characterization 

Let Q + be as in Theorem |l.l| The maximal future development Q + will have boundary 
B + = Q + \Q + , of which we aim to now characterize rj 

The following description of B + holds very generally for globally hyperbolic spherically 
symmetric spacetimes with one asymptotically flat end where the matter model obeys the null 
energy condition. The boundary B + can be decomposed into two components: the boundary 
'emanating from spacelike infinity' and the boundary 'emanating from first singularities'. 

We begin with a few preliminary results. 

3.1 Nowhere anti-trapped initial data 

The statement of Theorem |1.1| assumes that initial data are prescribed such that no anti- 
trapped regions are present, i.e. 

d u r < 

along E. We thus assume this throughout [J3j Data satisfying this property, motivated by 
Christodoulou in |18j . preclude anti-trapped regions from forming in their future development; 
that is, anti-trapped regions are non-evolutionary. This is given in 

Proposition 3.1 (Christodoulou). In the notation of Theorem \l.l\ if d u r < along E, then 
d u r < everywhere in Q + . 

Proof. By global hyperbolicity, the past-directed null segment of constant-f issuing from 
{u, v) € Q + will terminate on E. In particular, there exists u' < u such that d u r(u',v) < 0, 



by assumption. The result follows by integrating (20) along [u',u] x {v}. □ 



We emphasize that Proposition |3.1| only relies on the null energy condition. 

3.2 Spacetime volume 

Let us define the sets 



Since Q + is a bounded subset of 



and 



U = {u 


:3 


v s.t. (u,v) e Q + } 


V = {v 


:3 


i s.t. (u,v) e Q + } 


t of M 1+1 , 


we 


have that 


U 


= 


swpU < oo 


V 


= 


supV < oo, 


u 


= 


irrf U > — oo 


V 


= 


inf V > — oo. 



47 This boundary is induced by the conformal embedding of Q + into M 1 ^ 1 and is not the boundary in the 
sense of a manifold-with-boundary, which is S U I\ 
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For any v! < U and v' < V such that (u',v') G Q + , it follows by Proposition 3.1 and 



monotonicity ( 20 ) that the spacetime volume of the region 

Q + (u',v') = Q+ n {u < u'} n {v < v'} 
is given by 



2 dVol = / / {-il^dury^-dur) dudv 

Q+(u',v') JQ+n{v<v'} JQ + n{u<u'} 

< sup f2 2 |<9 u r| / / \d u r\ dudv 

Sn{«<u'} JQ + n{v<v'} JQ+n{u<u'} 

< sup rf2 2 |<9 u r| / dv 

Sn{v<v'} JQ + n{v<v'} 

< (V-Vo) I sup rn 2 \8 u r\ ) < oo. 

ysn{t)<i;'} J 

We have thus established, in particular, 

Proposition 3.2. If p € Q + , then the region J~(p) f~l Q + has finite spacetime volume. 

In fact, we note that the domain of dependence of any compact subset of E' 3 -* has finite 
spacetime volume 'upstairs' as well. To see this, we simply compute that 

/ 2 dVoLvi = / r 2 n 2 sin 9 dudvd9d(p = 4tt / r 2 dVol Q+ . 
Jm Jm Jq+ 

Since d u r < in Q + , r is uniformly bounded in any compact subset of Q + as 



sup r < sup r < oo. 

Q+n{v<v'} En{«<«'} 



This establishes the claim. 



3.3 Boundary 'emanating from spacelike infinity' 

The initial data curve E acquires a unique limit point i G B + called spacelike infinity. 



Recall the notation of [3.2 Let Uoo denote the set of all u given by 



Z^oo = <u : sup r(u, v) = oo > , 

which may be, a priori, empty (even if r — > oo along E). For each u G Uco, there exists a 
unique v^u) such that 

(u, Uoo(u)) G B + . 

Define future null infinity I + by 

X+ = \j (u,Voo(u)). 

MGWoo 

For data of compact support along E, an application of Birkhoff 's theorem and the domain 
of dependence property will ensure that T + is non-empty, allowing us then to appeal to 

Proposition 3.3. If non-empty, X + is a connected ingoing null segment with past limit point 



:-!s 



Proof. Let i° — (U, V). Since, by Proposition 3.1 d u r < in Q + , for all vq < V we have 



sup r < sup r. 

Q+n{v<v } sn{»<ti ) 

Thus, 1 + n {v = v } = 0. In particular, 1+ C {v = V}. 

Consider (uq, V) € I + , and let u < u be such that u £ U. Using, again, the fact that 
d u r < in Q + , we obtain 

lim r{u, v) > lim r(uo,v) = CO. 

That is, (u,V) <=1 + . D 

Alternatively, the non-emptiness of I + easily follows if the fall-off rate of data at space- 
like infinity is suitably tame£j An appropriate notion, therefore, of 'asymptotically flat' in 
Theorem |l.l| can, ab initio, ensure that X + is non-empty. We will assume that we have built 
in the requirement I + ^ into our definition of asymptotically flat in Theorem |l.l[ 

We define i D e B + as the future limit point of X + , noting, a priori, we could have i u G I + . 

By causality, we have a (possibly empty) half-open null segment^] J\fj+ emanating from 
(but not including) i . 



3.4 Boundary 'emanating from first singularities' 

We now introduce the notion of a point p e Q + \L + being a 'first singularity'. 

Definition 4. Let p £ Q + . The causal set J~ (p) fl Q + C Q + is said to be compactly generated 
if there exists a compact subset X C Q + such that 

J-(p)Cn(DX i (n- 1 (X)))uJ-(X). 

If P £ Q + \r, then for J - (p) n Q + to be compactly generated means that there exists a 
causal rectangle 

v=(j-(p)nJ+(q))\{ P }cQ + 

for some 9 e (J~(g) n Q+) \{p}. 

If p G T, J~{p) n Q + is always compactly generated. Let &r denote the unique future 
limit point of T in Q + \Q + . li p = 6p, then J~(p) n Q + is compactly generated as long as 

b r (£M l+ Ui a . 

Definition 5. p <G B + is said to be a first singularity if the causal set J~ (p)P\Q + is compactly 
generated and if any compactly generated proper causal subset of J~ (p) D Q + is of the form 
J~(q) for a q £ Q+ . 

Definition 6. Let B^ C B + be the set of all first singularities. A first singularity p £ B^\br 
will be called non- central. 



48 We will not discuss the weakest possible notion of an admissible data set here, but the reader may 
wish to consider the issue further. It is certainly sufficient for our purpose to consider the case where <j> is 
compactly supported, in which case, by an extension of Birkhoff 's theorem, the geometry of E coincides with 
Reissner-Nordstrom outside the support of <j>. 

^_ 9 We choose the notation JVj+ as this set can be non-empty only if i = i + (cf. Statement III of Theorem 
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If B\ = 0, then B + is given by 

6 + =6 r UA^ + Ui n Ul + Ui , 

where &r and the future endpoint of A/i+ U i D coincide. 

We note that if B\ 7^ 0, then br G S\_ . We then define the boundary 'emanating from 
first singularities' as the union of 

1. &r and a (possibly empty) half-open null segment Ar emanating from (but not includ- 
ing) b r ; and, 




2. the set Bj \&r and for every p <G B^\bp, two (possibly empty) half-open null segments 
A/2 emanating from (but not including) p. 




3.5 Summary of preliminary boundary decomposition 

We summarize the boundary decomposition thus far in 

Proposition 3.4. Let (M. — Q + x r § 2 , g^, <j>, F^ v ) denote the maximal future development 
of initial data as in Theorem \l.l\ The Penrose diagram has boundary B + admitting the (not 
necessarily disjoint) decomposition 

B+ = b r U TVr U I \J M U A^ 1 U A/" p 2 U N t+ U 2° U 1+ U t°, 
\pee+\fc r / 

where the sets are as described previously. Moreover, the following hold: 

1. IfB+=%, thenN T = %- 

2. If Bi \br = 0, then the future endpoint of br U Ar coincides with the future endpoint of 

N t+ Ui a . 

4 The generalized extension principle 

In this section, we shall briefly shift gears and prove the generalized extension principle of 
Theorem |l.ll| Here, Q + will denote the maximal development of the more general initial data 
as in the statement of Theorem |1.11| In Sj5l we will return to considering the development of 
initial data as in the statement of Theorem 11.11 
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4.1 Another local existence result 

The extension criterion, given in the next subsection, relies on an auxiliary (to Proposition 



2.1 ) local existence statement, which is stated directly at the level of the spherically symmetric 
reduction. Formulated as a double characteristic initial value problem, the following result is 
suitable for our purpose. 

Proposition 4.1. Let k > and consider a set X — [0,d] x {0} U {0} x [0, d]. On X, let 
r be a positive function that is C k+2 and functions ft, <f> and A u that are C k+l . Suppose 



that equations (20) and (21) hold initially on [0, d] x {0} and {0} x [0, d], respectively. Let 
I • \n,u denote the C n {u)-norm on [0,d] x {0}; similarly, let \ ■ \ n _ v denote the C n (v)-norm on 
{0} x [0,d]. Define 

N = sup{|fi|i,„, |fi|i,,,|fi _1 |o, |rj 2 ,«, |r| 2 ,«, k _1 |o, \<t>\i,u, I</>Im, |At|i,uj |^«|i,«}- 
There exists S > 0, depending only on N, a C k+2 -function (unique amongst C 2 -functio ns) r 



and C k+1 -functions (unique amongst C 1 -functions) tt, (j> and A u satisfying equations (18) 



(27) in [0,(5*] x [0,(5*], where S* = min{d, <5}, such that the restriction of these functions to 



X is as prescribed. 

The above result is quite general in the sense that it does not depend on the structure 
of the non-linear terms in ([2])-([6]). The proof is omitted, but can be obtained via standard 
arguments (cf. the appendix of [30). 

4.2 An extension criterion 

Let p = (U, V) e Q+, q = ([/', V) e (I-(p) n Q+) \{p} and 

v=(j+(q)nJ-(p))\{ P }cQ + 

be as in the statement of Theorem |1.11| Then, the compact set 

X = [U',U]x{V'}U{U'}x[V',V] (28) 

satisfies X C Q + . 



Given a subset Y C Q + , we define a 'norm' N : Y — > [0, oo] given by 
N(Y) = supflnii, in^lo, |r| a , 1^%, \4>\i, IA.li}, 

where |/| n denotes the restriction of the C n -norm on Q + to Y. 

In view of Proposition |4.1| we formulate an extension criterion in 



Proposition 4.2. Let p = (U, V) e Q+ and q = (£/', V) E (I~(p) n Q+) \{p} be such that 

V=(j+(q)nJ-(p))\{p}cQ+. 

Then, 

N{V) = oo. 



41 



Proof. We prove the contrapositive. Let X C Q + be the compact set as in (28 1 with N — 
N{T>) < oo. Corresponding to the value N, let S > be given as in Proposition 4.1 Consider 
the point (U — ^5, V — \5). Without loss of generality, we can assume that this point is in 
Q + . Translate the co-ordinates so that this point is called (0,0). Since Q + is, by definition, 
an open set, there is by continuity a 8* £ (-^SjS) such that 

X* = {0} x [0,6*] U [0,(5*] x {0} c Q + . 



Moreover, the assumptions of Proposition |4.1| hold on this set X* . Hence, there exists a 
unique solution in 

V= [0,(5*] x [0,(5*] 

that coincides with the previous solution on T> n T> by uniqueness. 




As T> U Q + is the quotient of a development of initial data, we must have, by maximality of 
Q+, that VUQ+ C Q + . Thus, in particular, p e Q + . □ 



4.3 ProofofTheoreml.il: generalized extension principle 

Define 

W = n 2 dudv < oo (29) 

Jv JU' 

and let rp and R be constants such that 



< r < r{u, v) < R < oo 



for all (u, v) € T>. 



Let us recall ( 16 1 in which 



We introduce further the notation 



V^Qc = r 2 rr 2 F„ 

A = d v r 

v = d u r 

9 a = rd v (j) 

C, A = rT> u cj>. 



By compactness, and the regularity of a solution as given in Theorem |1.11| we have the 
following uniform bounds onI= [[/', U] X {V} U {[/'} x [V, V}: 

\rv\ < N 

\r\\ < A 
\r<b\ < $ 
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\e A \ < e 
Ka| < z 

\Q C \<B 
\A U \<A 

\d u v\,\d v \\,\d u n\,\d v n\,\\ og n 2 \ < h. 

In view of the extension criterion in Proposition |4.2| it suffices to show that similar uniform 



bounds hold in T> in order to prove Theorem |1 . 11 
4.3.1 a priori integral estimates 



Recalling the notation of (17), we begin by integrating (18) in u and v to obtain 



V JU 



V JU 



d u {r\) dudv 
1, 



1 



V i-U 



v Ju 



£1 dudv 



< 4R(R-r a ) + -W=:C , 



(30) 



where we have made use of the fact that A will change sign at most once along a ray of 



constant u. This fact follows from monotonicity given in (21) 



Using ( J30[) , w e obtain a priori spacetime integral bounds on the matter fields. In partic- 
ular, we haver 



r v r u 
7rm 2 / / n 2 \r(/)\ 2 dudv < C Q 
Jv JU' 
r V pU 

n / fl 2 r~ 2 Q 2 dudv < C Q . 

JV JU' 



(31a) 
(31b) 



Note that (31b) holds with Q 2 replaced by Q 2 on account of (26) 



We now integrate ( 18 ) in u to yield the pointwise estimate 

"(7 



1 f u r u 

sup |rA| < A+- / il 2 du+ Ai:r 2 T uv du 
U'<u<u 4 J u , Jjj, 



Upon integration in v, we then have 



1, 



/ sup |rA| dv < K(V -V') + -W + C Q =: C x . 
Jv w<u<u 4 



Similarly, we obtain the estimate 



f u 1 

/ sup \ru\ du<N(U -U') + -W + C =: C 2 . 
Ju 1 v<v<v 4 



(32) 



(33) 



(34) 



A Cauchy-Schwarz inequality and (31b) gives 



U r V 



U' JV 



\F„,,\ dvdu < 



< 



U r V 



TrQ 2 r~ 2 Ql dvdu 

C ro l Vw. 



U' JV 

-1 



u r v 
v Jv 



n 2 r- 2 



dvdu 



(35) 



50 It is here, and only here, where we use the dominant energy condition in the proof of Theorem |l.ll| 
i.e. t he a ssumption that m 2 > 0. In the case of the Einstein-Klein-Gordon system (c = -F M „ = 0), we note 
that (|3l| holds an account of T uv having only one component (since Q 2 = 0). 
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We immediately then obtain 



pU r-U pV 

/ sup \A U \ du < A(U-U')+ / \d v A u \dvdu 

JU' V'<v<V Ju' Jv> 

< A(U-U') + -s/C ro 1 VW=:C 3 . 



4.3.2 Uniform bound on r<f> 

Given e > 0, partition the region of spacetime T> into smaller subregions T>j k given by 

T> jk = [uj,u j+1 ] x [v k , v k+1 ] n £>, j,k = 0,...,I 
with uq = U', vq = V', uj + i = U and vj + i — V such that 

/ Q 2 dudv < e 

Vk Juj 

Vk + 1 

sup |rA| dv < e 

Vk Uj<U<Uj + \ 



(36) 



ruj+i 

/ sup \A U \ du < e 

JUj v k <v<v k + i 



for all j and k. This is clearly possible since we have shown that each quantity is uniformly 
bounded in T>. Note that the cardinality of I for the partition depends on e. 



Let (u*,v*) £ ~Djk. Now re- write the wave equation (24 1 to read 



d u dJr(i 



Define 



t A - eir^(A) - -m 2 ft 2 r(j 



Pjk = sup \rq 

T> ik 



From (33) it follows that 



,A dudv 



< 2r - 2 P jfc 



sup |rA| dv < 2r 2 P jk e. 



(37) 



Vk Uj-^U-^l 



From ( 36 1 we have 



A u <j)X dudv 



V* pU* 

,. i-ji, i sup |rA| dv j sup \A U \ du 



< r^ 2 P k 



Vk Uj<U<U# 



Uj V k <V<V* 



< rfP jk e 2 . 



Integrating by parts, we note that 



A u d v (f> dv 



<j>A u {u*,v*) - (f>A u (u«,v k ) + 



< r^ l P ]k (2 sup \A U \ + I \F UV \ dv) , 

\ v k <v<v t Jv k / 



so that ( 35 1 and ( 36 ) yield 



A u rd v (j> dvdu 



<Rro 1 P jk (2e+^C~ r^ 1 V^ 



(38) 
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Similarly, inequality ( 35 ) implies that 



-4>F UV dudv 

V k J Uj 



< 2 P ^oWCoV~e. 



Lastly, we note that 



1 



m fi r<b dudv 



< 4*fP jk e. 



(39) 



(40) 



Upon integration of the wave equation, it then follows from (37)-(40l that there are constants 
d and C5 , independent of the choice of e and partition, such that 

P jk <C 4 + C 5 P ]k e. 

Thus, for a sufficiently small e, i.e. for a sufficiently fine partition of T>, there exists a positive 
constant Cju < 00 such that 

Pjk < Cjk- 



In particular, since 



sup \r<p\ < max Pjk < 00, 

v 3. k 



(41) 



we obtain a uniform bound on the scalar field. 



4.3.3 Uniform bound on Q 2 



Consider the evolution equation (19 1. We recall (15 1 and (26) tha t the magnetic charge 
Q m € R. To uniformly bound SI 2 , it suffices, given a priori estimates (31b), (33) and (34), to 
bound 



D u {d v ^ + d v <t> (D u <£) f dvdu 
W Jv 

uniformly. Integrating by parts, we note that 



D n {d v <tf dv = tfD u cf>(u, v,) - tf~D u <f>(u, V) - / tfd v -D u <t> dv. 
V Jv 



(42) 



Similarly, we have 



Since 



it follows that 



(B^y d v cj> dv = <p (d„0) t (u, v*)-4> (D u ^y (u, V) - 

v Jv 



0(D^) f = 0(a u 0) f -eiA M |0| 2 
tfT> u <l> + <$> (D u 0) f = cf> (cU) f + f a u - d u \ 



(D u( j>y dv. 



Thus, the symmetrization in (42) yields the estimate 
D u ct> (c^) f +d v ct> (D u 0) f dvdu 



U' Jv 



< 



2 sup 

V<v<v, 



d u \4>\ 2 du 



U' JV 



<^d v T) u (j) + 4>d v (D u (/>) * dvdu 



(43) 
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Using (41 ), we can immediately bound the first term on the right-hand side of (43). Thus, it 
remains to consider the second term. 
Let us note that 

$d v D u <f> = (f) 1 d v d u cf> + c'kJ) 1 d v (A u (j)) 
<R(D u 0) f = cf>d v (d u cl>) f - ti(f>d v (A u ^). 



Using the wave equation (24), we obtain 



$d u d v <f> = -r 1 (v4td v (j) + X^d u 4>) 

-ei [A^d^ogr + A^d^-^F^A - ^m 2 O|0| 2 



and similarly, taking the complex conjugate of (24), we have 
cbd u (8 V ^ = -r- 1 (y</> (d v ^ + Xcj> (d u <j>?) 

+ci(A.M 2 d v yogr + A u( f,(d v ^~^F uv \cl ) \A-^ m 2 n 2 \ ( j>\ 2 . 

In particular, 

(fJd u d v <j) + 4>d u (9„0) f = 

-T- 1 (vdM 2 + AcWI 2 ) + eL4„ (<t>{d v <tf - <M^) - im 2 O 2 |0| 2 . (44) 

Lastly, we note that 

it (<t>id v (A u <j>) - ^(Au^)) = eL4„ (tfd v <t> - (d v ^) . (45) 



It follows from (44) and (45) that 



eft d v D u (j> + </>d v (D u <, 



\t 



1 



-r- 1 (va o |^| 2 + Afl tt |0| 2 )--m 2 n 



2r>2| j,|2 



Using bounds (|29|, (|33|), (|34|) and (41), we immediately retrieve the bound we seek: 

(jJd v D u <f) + (j)d v (D^) 1 &vdu < C, 



U' Jv 



whence (43) gives 



v Jv 



D u <j>(d v <py + c\,</>(D„0) t dvdu 



<c. 



In particular, integrating ( 19 ) we obtain 



sup | log fr | < C < oo. 
v 

Thus, there are constants Cq and C\ such that 

Q < cq <fl 2 < ci < oo 
uniformly in T>. 



(46) 
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4.3.4 One-sided estimates for rX and rv 



Note that ( 18 ) gives 



1 



d a (rX) = d v {ru) > ^Q 2 . 



Using the uniform estimate ( 46 ) for fl , integration then yields 

1 rU * 



r\(u*,v*) < —rX(U',v*) + 



1 



n 2 du 



Similarly, we note that 



< A + -ci (U-U')=: A' <oo. 



rv(u*,v*) <JV+~Ci(V- V) =:JV' < oo. 



4.3.5 L 2 -estimates for <9 t ,0 and D t 



Integrating (21) we obtain 

Q- 2 \(u*,V) -n~ 2 \{u*,v*) 



4irrn- 2 \d v (f>\ 2 dv 



> AtttqCi / \d v 4>\ dv. 
Jv> 



Thus, we have, using the one-sided estimate (47 1, 

1 



\d v 4>\ 2 dv < 
V 47rr C! 



< 



C() 



47rr 2 ci 



(A + A'). 



Similarly, we have 



4.3.6 Uniform bound on T,, 



|D„<M 2 du < 



CO 



A-RTqCi 



(N + N 1 ). 



(47) 



(48) 



(49) 



With bounds on <j> and fl 2 , it remains to bound Q c in order to give, from (17), an estimate 
for T„„. 



Using Cauchy-Schwarz, (41) and (48) we note the bound 



(4>(d v <f>? -tfw 



dv 



-■2| J \d v <f>\ 2 dv 



\r6\ 2 dv) <C. 



Upon integration of (|23[) , we therefore obtain 

tWnr 2 (j> (d v ^ - tfd v (ty dv 



\Qe(u*,V*)\ < \Q e (u*,V')\ + 

It thus follows that 



< B+\t\ V^RC. (50) 



supT„„ < C. 
v 
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4.3.7 Remaining uniform estimates 



We can now bound all other quantities quite easily. 



To estimate the first derivatives of <f> let us use the wave equation ( 24 ) to compute 

1 



8 u 9a + tiA u t 



r 



= - — A - ;^ 2 (m 2 rc/> - ei2V7rr- 1 Q c 



d v ( A = — -v- \n 2 (m 2 r<j) + ei2^r- 1 Q c 
r 4 v 



(51) 
(52) 



We note that ( 47 1 and ( 49 1 gives 



Adu 



<C 



|D„(/.| dw < C 



|D U 0| 2 dw 



1 du < C. 



Integrating (51), we therefore have 



sup|6U| <C 
v 



using the estimates on </>, VL and Q c . Using this bound, we integrate (52) and similarly obtain 



su P iai<c. 

V 



From the uniform bounds on T uv and Q we note that ( 32 ) gives 



Similarly, we have 



sup|rA| <C. 
v 



sup \ru\ < C. 
v 



Integration of (27) also gives, using (50), the uniform estimate 



sup | A, | <c. 
v 

It remains now to show that d u £l, d v il, d u v and d v X are bounded quantities in V. By 



integrating (19), we obtain uniform estimates on d u fl and d v Q using already derived bounds. 



We have established that N(D) < oo and Theorem 1.11 follows from applying Proposition 

a 



Then, we can give uniform estimates for d u v and d v X by using (20) and (21), respectively 
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5 Proof of Theorem |l.lf global characterization of space- 
time 



With the extension principle of Theorem |1.11| having been proven, we are now able to give 
a characterization of first singularities that arise in the collapse of self-gravitating charged 
scalar fields. Together with monotonicity arguments, a consequence of the dominant energy 
condition (although, in some cases, monotonicity arising from the weaker null energy condition 
will suffice), we can then give a proof of Theorem |1.1| establishing the global characterization 
of spacetime. 



5.1 Characterization of first singularities 

We apply Theorem |1.11| under the assumptions of initial data in Theorem |1.1| to give a 
characterization of first singularities 1S{ . Introducing the notation 

n n f(p) = lim inf r(q) 

?->PJ-(p)nJ+( 9 )nC+ 



for p G Q+ and q G J (p)flQ + , we have, as an immediate corollary of Theorem 1.11 recalling 
Proposition |3.2| 



Corollary 5.1. If p G B\ , then r{ n f(p) = 0. 



As a consequence of Corollary 5.1 if p G 1Z\T c <2+ and q G (/ (p) fl 7£) \{p} are such 
that 

-D=(j-(p)nJ + (q))\{ P }cnuA, 

then p g" 23^" , for r > ro > on T> since A > and v < in 1Z U .4. Whence, we state 

Corollary 5.2. IfpeBfnK, then p = b r . 

In particular, for the Einstein-Maxwell-Klein- Gordon system the generalized extension 
principle implies the weak extension principle (cf . j|1.8.1 1 . More generally, since Proposition 



|3.2| holds for any matter model that obeys the null energy condition, this establishes Propo- 
sition [O] of §1.8.2[ i.e. every strongly tame Einstein-matter system is also weakly tame. 

5.2 The Hawking mass and its monotonicity properties 

It will be convenient here to recall that the Hawking mass m is given by 

1 - — = 9 ab d a rd b r = -4£T 2 Ai/, (53) 

r 

and its evolution equations can be shown to satisfy (cf. |18j ) 

d u m = 8irr 2 tt~ 2 {T uv v - T UU X) 
d v m = 8nr 2 n~ 2 (T UV X — T vv u) . 

Because we assume that m 2 > 0, the Einstein-Maxwell-Klcin-Gordon system satisfies the 
dominant energy condition (cf. JJ2.2.2): 



T uv > 0, T uu > and T vv > 0. 



As a consequence of Proposition |3.1[ the Hawking mass therefore satisfies monotonicity prop- 
erties 

d v m > and d u m < (54) 

in 1Z U A. This monotonicity is only used in a handful of the proofs below. Where it is not 



exploited (keeping in mind the need for the dominant energy condition^ in Corollary 5.1|, 
the null energy condition 

T uu > and T vv > 

will suffice. 

5.3 Statements I and II 

Recall the notation of £|3] We will systematically refine the boundary characterization of 
Proposition 3.4 so as to obtain finally that which is given in Theorem |1.1| 



51 see, however, footnote |50| 
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5.3.1 Null segment A/r emanating from &r 

Let 

CH r = {qeN'r:lp,p / eAfr s.t. j6(p,j/] and r inf (</) ^ Vq' € (p,p')}, 

and define 

S r =N'r\CHr- 

We note that ri n f need not, a priori, vanish on Sr- By definition, however, for every (U,v) £ 
>Sr and every 5 > 0, there exists v — S < v < v such that (U, v) £ Sr and r in f(U, v) = 0. 

We show CHr is a connected set. Suppose, on the contrary, that CHr is disconnected. 
Then, there exists (U, v) £ CHr and (U,v') £ CHr, where without loss of generality v < v' , 
and v < v" < v' such that (U,v") £ Sr- Moreover, there exists v < v'" < v" such that 
r\rd{U,v'") = 0. Thus, there exists a sequence (Uj,i/f) -> (U,v'") such that r(Uj,v"') -t 
with C/j < U and u^' < w'". Define 

r = min{r inf (C/, u),r inf (L/, v')} > 0. 

Choose J sufficiently large so that r(Uj,v'-') < r^ for all j > J. Since v < in Q + , it follows 
that 

r(u, v) > r and r(u,v') > r 

for all u > Uj. It follows that for each Uj £ [Uj,U) there exists v(Uj) £ (v,v'") and 



3 c l^J;^; ux±ci. c >,ai DB "v^j; = v"' ^ 

<j/\ Gnr*ti fVipf 

XiUj^iUj)) < and ^{U^^Uj)) > 0. 



u(C7j) G (Vj'iV') such that 



This, however, contradicts monotonicity (21) and no such v(Uj) can exist. 



We conclude that CHr is a single (possibly empty) half-open interval. From monotonicity 



(21 ), it then follows that A/r is given by 

where 5p is a half-open (possibly empty) connected component of 5r that emanates from 
(but does not include) &r and <Sp is a half-open (possibly empty) connected component of 
Sr that emanates from (but does not include) the future endpoint of CHr- We note that if 
CHr = 0, then, necessarily, <Sp = 0. 

5.3.2 Null segment A/"j+ emanating from i u 
Let 

CH l+ ={q£ N l+ : 3p,p' £ N l+ s.t. q £ {p,p'} and r int (q') ^ Vq' £ (p,p')} 

and define 

S i+ =Af i+ \CH i+ . 

Again we note that r- m t need not, a priori, vanish on 5j+. By definition, however, for every 
(u, V) £ Si+ and every 8 > 0, there exists u — 5 < u < u such that (u, V) £ S t + and 
n„ f (u, V) = 0. 

We will establish that Si+ is a connected set by showing that if (u, V) £ S t + and 
r inf( w j V) = 0, then fjnf {v! , V) = for all u' > u. It will then follow that CHi+ is a half-open 
(possibly empty) interval that, necessarily, emanates from (but does not include) i . Si+ is 
then a half-open (possibly empty) interval that emanates from (but does not include) the 
future endpoint of CHi+ U i . 

Suppose (u, V) £ Si+ . Then, by definition, there exists some v! < u such that (u' , V) £ Si+ 
and a sequence (u'j,Vj) — > (u',V) such that r(u'j,Vj) — > with Uj < v! and Vj < V. Since 
v < in Q+, r(u", Vj) < r{u' p Vj) for all {{u" , Vj) : u" > u'} D Q+. Thus, {u" , V) £ S l+ and, 
in particular, a posteriori, r- m { vanishes on Si+ . 
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5.3.3 The remaining achronal boundary 

Let us define 



S= |J mua/^ua/; 2 . 

pGB+\&r 



We will show that r; n f = on S 



Recall that Corollary 5.1 gives that r- m f(v,,v) = for all (u,v) G Bi\br- In particular, 
there exists a sequence (v,j,Vj) — > (u, v) such that r(uj, Vj) — > with Uj < u and Vj < v. Let 
Afp C {v — v(p)}. Since v < in Q + , r(u', Uj) < r(uj,Vj) for all u' > u. Thus, r;„f (V, u) = 0. 
Let A/? C {u = u(p)}. Since (it, i>) is non-central, there exists, by compactness, a v' < v such 
that (u, v') G Q + and an e > such that r(u', v') > e for all {(vf, v') : u' < u}C\ Q + . Moreover, 
there exists a sufficiently large J such that r(uj,Vj) < e for all j > J. It follows that there 



exists a v(j) G («', Vj) such that \(uj,v(j)) < 0. Appealing to monotonicity (21 ), we conclude 



that X(uj,v") < for all v" > v(j). Whence r(uj,v") < r(uj,Vj) and ri n f(u,v") = 0. 

5.3.4 I + is an open set in the topology of B + 

If 6r = i + , then the openness of X + is obv ious by definition. If &r ^ * D ; it follows from 



Statement VI, which is proven below in ^5.7 that i D ^I + . This will establish the claim 



5.3.5 Continuous extendibility of r 

Of the remaining properties of the boundary to establish is that of the extendibility properties 
of r. We do this in the sequel. 

r extends continuously to zero on (S U S t +)\br 

For every (w, v) G (S U Si+ ) \6r, there exists a neighborhood U C R 1+1 such that UDQ + C T ■ 
Moreover, we note that n n f(u,w) = 0. Thus, there exists a sequence (uj,Vj) —¥ (u, v) such 
that r(uj,Vj) — > with Uj < u and Vj < v. Perturbing the sequence, we may, without loss 
of generality assume that Vj < v. Given e > 0, there exists a sufficiently large J such that 
r(uj,Vj) < e for all j > J. Since v < and A < in U n <2 + , it follows that r(u',v') < e in 

{V > uj} n -jV > «,/} nwnQ+. 

r extends continuously to zero on br G Si+ 

Let (£/, V) = &r G <S, ; + and consider a neighborhood W C M 1+1 of 6p- 

Fix u < U such that (V, V) eWfl 5j+. Since r extends continuously to zero on {v! , V 7 ), 
there exists a sequence (u^,Vj) such that r(u'j, Vj) — > with u^- < u' and Vj < V. Given 
e > 0, there exists a sufficiently large J such that r(u'j, Vj) < e for all j > J. Since there exists 

a sufficiently small neighborhood U of (V, y) such that UC\Q + C T, we can assume, without 



loss of generality that (u'j,Vj) G T. By monotonicity (21 1, it follows that {u'j,v') G T for 
all jV > Vj} n Q + . Since ^ < in Q+, we have that 

r(u", w) < e 

for all 0", u) G {u" > u'^} n{w>Vj}n«n Q+. 

r extends continuously to zero on br\ (Si+ U CHi+ U i D ) 

Let ([/, y) = & r \ (S t + U CH 4 + U i a ) and consider a neighborhood U C M 1+1 of 6 r - Since, by 
assumption, br does not coincide with the future endpoint of 5,+ U CHi+ U i , we note that 
there exists a sufficiently small S > such that {\v — V\ < 6} fl Q + is compact. Hence, for all 
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uq <u < U, there exists a constant C(uq) > such that, by (53) and monotonicity (20), we 
have 

- ~ (n-^y 1 («,„) = ^(u,.) < -A^,^ < c(u ) (55) 



in {|w - V\ < 8} n U n Q+. Since Q gives 1 - ^f < 1 in K U .4 (cf. Statement V), we 
therefore obtain 

< X(u, v) < j-^(«o, «) (l - ~) («, w) < C, (56) 

for all (u,v) e {|v-V| < 5} n W n (K U 4). 

Given e > 0, let us choose 8' < min{<5, (2C) _1 e}. Along each outgoing null segment in 
U n Q + emanating from T = {(u, vr(u))} let us define 

, . _ J inf{v : A(u, u) = 0}, \lAC){v<V + 8'} ^ 0; 
tUW -{ v + S', HAn{v<V + 8'} = (/}. 



We note that vr(u) < va(u) since FcK, which is proven below in j ]5.5| and thus {it} x 
[vr(u),v^,(u)) C 7?.. Let (t/,t>r(i/)) be the intersection point of {v = V ~ 8 1 } with L. Then, 



\r(u,v)-r(u,vr(u))\= / X(u,v) dv < C(v - v T (u)) < 2CS' < e 

J vy(u) 

in {v < v_A(u)}n{u > u'}r\Ur\(lZ U A). Since r is decreasing in T, there exists a neighborhood 
W c R 1+1 satisfying W C{\v-V\< 8'} n{«>«'}nW so that 

\r(u,v)-r(U,V)\ <e 

for all (u,v) eU'r\Q + . 

r extends continuously to zero on <Sp\ (C'H i + U 2 D ) 

Let (U» e 5 r \ (C%+ U i D ) and consider a neighborhood W C R 1+1 . If ([/» € S,+ , then 
we establish continuity as in the case in which 6p £ Si+ . Thus, without loss of generality, 
let us assume that (U,v) $ S^+. Since <Sp does not coincide with the future endpoint of 
Si+UCHi+Ui , we note that there exists a sufficiently small 8 > such that {\v'— v\ < 8}nQ + 



is compact. Hence, for all u Q < u < U, there exists a constant C(u ) > such that, by (53) 
and monotonicity (pOl, we have 



\ (n-^y 1 («,t/) = Y^fav 1 ) < ^S,.') < C(u ) (57) 



therefore obtain 



in {\v' - v\ < 8} n U n Q+. Since (53) gives 1 - ^f < 1 in K U A (cf. Statement V), we 



< X(u,v') < ^^(u ,v') (l - ^) («,t/) < C, (58) 

for all (u,v') e {|i/-u| <^}flWn(KUi). 

Let e > be given and choose < 8' < 8 such that 

CS' < -e. 
4 

By definition, there exists some v — 8' < v" < v such that (U, v") € <Sp and a sequence 
(Uj,v'j) -> (U,v") such that r(Uj,v'j) -> with IT, < 17 and w" < u". In particular, there 
exists a sufficiently large J such that r ([/,-, i>'-') < |e for all j > J. We then have 

r(Uj , i/") = r(C/j , v'l) + f \(U, , v) dv < \e + 2CS' < e 
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for all (Uj,v'") G {v'j < v'" < v + 5'} n U C\ (K U A). Since 1/ < in Q+, it then follows that 

r(u,v'") < e 

in {?/' < u'" < v + 6'} n {u > (7/}nMn(KUi). Since r is decreasing in T, there is a 
neighborhood W C M 1+1 satisfying W C {u" < v' < v + 5'} n {u > C/j} n U such that 



|r(u,u') — r(U, v)\ < e 



for all (u,u') eM'nfi + . 



r extends continuously to zero on Sp 

For every (U,v) <E Sp, there exists a neighborhood U C K 1+1 such that U n Q + C T. By 
definition, there exists a v' < v such that (U,v') & S^CiU and a sequence (Uj,v'j) — > (U,v') 
such that r(Uj,v'A — > with [/, < U and «'• < v'. Given e > 0, there exists a sufficiently 
large J such that r(Uj, v'j) < e for all j > J. Since A < and v < in U n <2 + , we therefore 
have 

r(u, t>") < e 

in W n Q+ for any neighborhood W satisfying W C {v" > v'} D {u > Uj} n U. 



r extends continuously on int (CHr) 

Let (U,v) G int(CHr)- Suppose U C R 1+1 is a neighborhood of (17, u). 

Re- writing ( 18 ) in terms of the Hawking mass and ( 17 ), we note that in the trapped region 



du(-X) = 



27TCT' 



A 



2 mX 

2m {-*)< ^ 1 _2rn (- U )> 



(59) 



where 



cr^ = 4frVT m) > 0. 



Note that by ( 53 ) we have ^ > 1 in T (cf. Statement V) . Define the sets U\ and U2 by 
2m „!..,_ , , . f 2m 



Wi = 



>2 nwnr 



and 



W 2 = 



<2 nwnr. 



Integrating the right-hand side of (59 1 along segments ([uo,w] X {w'JjflWflT, we obtain 



2 mX 

— k — (— v) du - 

r 2 1 _ 2m V I 

i uq ' L r J [uo,u]ntii 

On the set U\ , we note that 



|A|(-*/) 



„ 2m _ 1 



du 



UQ,u]niA2 



2m X —h 

r 1 2m 



du. 



0< 



2/» 



- 1 



< 2. 



Thus, 



/ 



|A|(-i 



r 2m _ 1 



du< 2 



|A|(-^) 



du. 



[u ,u]rUi ' r L J[u .u]nUi r 

In view of the assumption that (17, v) is in the interior of CHr, given C(u ) > 0, there 



exists a sufficiently small S > 0, recalling (57), such that 

A , „ A 



0< 



1 



2m 



(u,v')< 



1 



2m 



(«(>,»') <C(«o) 
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in the compact set {\v' — v\ < 6} U C\ Q + . Moreover, by compactness and since v < in 
Q+, it follows that 

r > r = inf n n f (U, v') > 

{\v>-v\<8} 

in {\v' -v\ <5}nUnQ + . Thus, we have 



J \u ,u ]nu 2 ' L v ' J\u, 



-V 



du < C(u ,r ) < oo. 
, [u ,u}nu 2 '' L ~ ^r ' J[u ,u]nU2 r 



It follows, from integration of (59), that 



[tio,u]nWi r 



Applying a Gronwall inequality then yields 



-v 



\\{u,v')\ < C{u ,r )aq>\ / — du 

\J[u ,«]nWi r / 

whence we obtain 

sup |A(u, i/)| < C(uQ,ro) < oo. 

{\v'-v\<s}nunr 



Together with (58 1, this gives a uniform bound |A(u, z/)| < C in {|v' — v\ < 5} fl W n Q H 



Continuity of r is now easily established. 



r extends continuously to oo on 1 + 



To establish continuity at (u, V) € I + , it suffices to show that there exists a neighborhood 
U C R 1+1 such that i/ is uniformly bounded in U n Q + . 



Note that ( 59 ) gives 



2 A / 2vro- 2 
r 2 1 



a„iog(- I/ ) = __^ sr ( m -__). (60) 



Since A > in J~(I + ), monotonicity (54) implies that m extends to a bounded function 
along X + (cf. Statement V) . Let 

M = sup 771 < oo. 

wni+ 

For r sufficiently large (noting that r — > oo as v — ¥ V), i.e. for li sufficiently small, we can 

ensure that 

m 3 , , 

t— < -M 

1 _ 2m - 2 



in 14 n Q + . In particular, we then have 



2 Am A 

r 2 1- 



^logC-^^^^^^^SM-^. (61) 



The result follows immediately upon integration of (61 1 



r extends continuously to oo on i° 

Continuity of r on i° follows immediately from an appropriate notion of 'asymptotically flat' 
in Theorem ll.il 
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5.4 Statement III 

Follows from the results given by Dafermos in [28] , 

5.5 Statement IV 
5.5.1 Claim 1 

Consider the vector field T on Q + given by 

1 / d d 



T 

2 \du dv 

Since T is the timelike boundary of Q + on which r = 0, we compute 

= 2Tr| r = (^ + A)| r . 
In particular, since v < in <2 + , it follows that 

A|r >0. 
This establishes the claim. 

5.5.2 Claims 2-3 



The claims follow immediately from monotonicity (21). See 



5.5.3 Claim 4 

Let (it, V) € int (CHi+) and consider a neighborhood U C R 1+1 of (u, V) such that either 
U n Q + C .A or U n Q + C T ■ To establish continuity, it suffices to show that v is uniformly 
bounded inWn Q + . 

If U n Q + C .A, we simply note that r is constant along outgoing null segments in U n Q + . 
It follows that v is uniformly bounded in this case. 



trapped region and, moreover, that 



From (53) and monotonicity (21), we note that v and 1 — — have the same sign in the 



d v [ —^ ) < 0. (62) 



HUD Q + C T, we retrieve a uniform bound on v by proceeding exactly as in the case in which 
we established the uniform bound on A in the trapped region when proving the extcndibility 



of r on int(C'Hr)- We simply note that d u X = d v v and that monotonicity (62) takes the role 



of (57). Moreover, we note that since A < in T, this monotonicity takes the role of v < 
in ensuring that r is bounded from below away from zero inWfl Q + . 

Remark 1. We do not say anything about the case in which U D Q + C A U T, as there is 
no possible uniform control on v 2m . 

5.5.4 Claim 5 

(a) If A 7^ 0, then the limit points of A on br U S^ U CHr necessarily form a (possibly de- 
generate) connected closed interval. This follows from monotonicity given in Claim 2. On 
the other hand, there is, a priori, no characterization of the limit points of A on CHi+ U i + 
(cf. the diagram given in the statement of Theorem |1.1| . 



(b)-(e) The claims follow from monotonicity given in Claim 2 (cf. j |5.3.1 ) 
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5.6 Statement V 
5.6.1 Claim 1 



The claim is given by ( 54 1 



5.6.2 Claim 2 



The claim follows immediately from ( 53 1 since A > and v < in TZ U A 



5.7 Statement VI 

The statement follows from the results given by Dafermos in [28] . 

5.8 Statement VII 

In spherically symmetric spacetimes, the Kretschmann scalar satisfies 

where K is the Gaussian curvature of the quotient metric g a b, which is given by 

K = AVT 2 (QT l d u d v n - Q' 2 d u Qd v fl) ■ 
One can compute (see the appendix of |32|). 

(Tft \ ^ I \ ! \ 

— + 27rrtrTj + 8n 2 r 2 g I T - -gtrT, T - -gtrT I , 

where trT = g ab T a i,. The last term on the right-hand side is manifestly non-negative if the 
energy momentum tensor obeys the null energy condition. In this case, the Kretschmann 
scalar satisfies 

■xu a p - 4 /2m x " 



r 4 \ r 



R^ a pR^ ap >-A — \ • (63) 



5.8.1 Claim 1 

For every p £ S^ U S U 5^+ , there exists a neighborhood U C M. 1+1 of p such that U n Q + C T. 
Recalling that — > 1 in the trapped region, we have from (63), 



Rij.vapR^ va > —■ 
For every sequence {pj}"^i cMfl Q + with pj —> p, we therefore obtain 

lim R ia , a pR'"' a0 (p j ) > lim \{ Pj ) = oo. 
This establishes the claim. 
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5.8.2 Claim 2 



(a) Let (U, v) £ Sp and consider a neighborhood U C M. 1+1 of (U, v). If (17, v) is a limit point 
of {(uj, Vj)}j^ =1 C A U T, then the result is obvious since 



4 



lim sup R llua /3R ll ' /ap (uj,Vj) > lira sup —r (v,j,Vj) = oo. 



LUOLJ3 I 

Thus, without loss of generality, we can assume that U C\ Q + C 1Z. Moreover, let us assume 
that (U, v) does not lie on CHi+ U i a . Fix u < U such that (u , ujeWfl Q + . Since r extends 
continuously to zero on <Sp\ (C'H i + U i D ), it follows that 

lim / A(u, v') dv' = 



«->[/ 



v-S 



in {u > w } n {\v' - v\ < S} n U D Q + , for all sufficiently small 5 > 0. Integration of (59) 
therefore gives 

A(«o,«') exp - / ^-M^ dr dt»' < / X(u, v') dv' -> 

—5 \ Jr(u,v') ± r 1 Jv—5 

as u — ^ 17 in {|t/ — v| < 6} DU P\ Q + . By compactness, there exists a constant c > such 
that A(u , v') > c > for all {|t/ - v\ < 8} C\U O Q + . Thus, it must be that 

lim / exp - / ^lx^ dr dv' = 0. 

u ^ U Jv-8 \ Jr(u,v>) 1 JT J 

In particular, we obtain 

rr(uQ : v') 1 ( 2m \ 

sup / ^y. dr = 00 . (64 ) 

Let e > 0. Suppose for the moment that 

2m 



r 



(u,v') < r e (u,v') 



m 



{u > U - e} n {\v' - v\ < 6} n U n Q+ for some e > 0. Then, 

pr(uo,v') 1 ( 2m \ 

sup / ^7^dr<C(e,e)<oo, 



contradicting (64). Thus, we conclude that there exists a sequence of points (Uj,Vj) 6 {u > 
17- e} n {|i/ -Uf < (5}nWnQ+ such that 

2m 



r (t/^)>r^-,^). (65) 



Letting S — > 0, we can construct a sequence (Uj k ,Vj h ) — >• (J7, u) for which (65) holds. The 



result follows from (63) since 



lim sup R^ a pR^ afi (U jh , v jk ) > lim sup -£^{U jh , v jk ) = oo. 

j—tco j— ^oo ' 

Lastly, we note that if (17, i>) does lie on CH.;+ U i n , then there is a sequence of points 
(U, Vj) — ¥ (17, v) on S^\(CHi+ Ui D ) for which the above argument applies. In particular, there 
exists a sequence of points (Ui,Vj) such that the Kretschmann scalar blows up as [/* — >• 17. 
Thus, we can construct a suitable subsequence of points {Ui k ,Vj k ) for which the Kretschmann 
scalar blows up as {Ui k ,Vj k ) — ► (17, v). 

(b) As in Claim 1, given p G <Sp, if there exists a neighborhood W C K 1+1 of p such that 
U n Q + C .A U T, then the Kretschmann scalar will extend continuously tooo on5 r flW. 
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5.8.3 Claim 3 



We deduce from Theorem 1 1 . 1 1 1 1 hat if BTi. ^ 0, then J (I + ) fl Q + has a future boundary in 
Q + , which we call H + . In fact, for I + C {v — V}, we have 

H + = {u = U} D Q + C KU A 

for some [/. Fix vo < V and consider the set H + D {v > vo} = {U} x [vq, V). Without loss 
of generality, we can assume that (U, Vq) (£ T. 

To prove the claim we will establish the contrapositive, namely: If % + is not affine com- 
plete, i.e. 



/ fl 2 {U,v) dv <C*<oo, 

Jvn 



then CHi+ ^ 0. In particular, we wish to show that, under the assume that % + is not affine 
complete, there exists u* > U and tq > such that r > ^tq in 

V=([U,u*}x[v ,V])r\Q + . 

We proceed with a bootstrap argument. 

Let ro = r(U, vq) and define a region T>* C I? to be the set of p = (u, v) £T> such that 






(66) 



for all (u, u) G (>^ _ (p)\{p}) H T>. Since r > r along H + , it is clear that, by continuity, V* 
is a non-empty open set (in the topology of T>). We will show that T>* is also closed (in the 
topology of T>). To see this, suppose p € V* (in the topology of V). By continuity, (661 holds 
in J~{p) nP, where, however, strict-inequality is replaced by non-strict inequality. 



From ( 60 ) , we note that 

d v (-v) 



2ttct 2 \ , 1 

m 1 \r < — Trmil 

2H 



(67) 



Since U + C K U A, it follows from ( 53 ) that 



m(U,v') < -r(U,v'). 



Integration along {U} x [vq,v] then gives 



v{U,v) < -v(U,vo) + 



. 2^ 



mn 2 {U,v) dv < C < oo. 



Let u' G [[/, u]. By monotonicity (21 1, we have that A can change sign at most once along 
an outgoing null segment. Thus, 



\X(u',v)\ dv<C <oo. 



(68) 



Define the function k by 



n 2 



~A:KV. 



By monotonicity (20), d u n < 0. In particular, 

_ _ 1 

k(v! ,v) dv < — - 



n 2 u(U,v) dv < C <oo. 



(69) 
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Since (67) gives 

„ , , 2k ( 2na 2 \ k /2m\ 

a B iog(- I/ ) = _^ m ___j<_^_). ,-n.) 

let us consider the sets 

Vi = <! — > 2] n V* and V 2 = J — < 2 ) u V 



On the set Vi, we note that 



< — V" < 2. 

1 2 m — 



We then have that (68) and (69) give a uniform bound on the integral 



do r V r / 7[« ,u]nVi r V 1 — F/ J[«o,«]nv 2 r \ r J 



where we have used our bootstrap assumption. In particular, integration of ( 70 ) gives the 
estimate 

— v(u',v) < —Cv{u',vq) < C sup |z/(ti',i>o)| < C < oo, 

U<u'<u, 

from which integration in u then gives 

r(u, v) > r(U, v) - C(u -U)>r - C(u - U). 
For sufficiently small w* — U we obtain 

r(u,V) > -r - 

Thus, (u,v) £ T>* and we have that V* is a closed set. Since T>* is connected, it follows that 

V* =V. 
This establishes the claim. 

5.8.4 Claim 4 

Suppose (A4,g^) is future-extendible as a C 2 -Lorentzian manifold (A4,g^). Then, there 
exists a timelike curve 7CM exiting M. such that the closure of the projection of ^\m to Q + 
intersects the boundary B + \i°. Let £ denote the set of all such boundary points on B + \i° 
satisfying the above, i.e. 

£ ={pe B + \i a : 3 timelike 7 : J -► M with 7(f) E dM C M and 

j{t)eM Wt<t* s.t. {p} n ir (j\ M ) ^0J. 

It is important to emphasize that extendibility is not formulated, per se, with respect to the 
quotient manifold Q + . It we were able, however, to assert that past set structure 'upstairs' 
is preserved 'downstairs', then criteria can be given on Q + that will imply inextendibility of 
Ai. These criteria on Q + will be given by C 2 -compatible scalar invariants, which we now 
introduce. 
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C 2 -compatible scalar invariants 

Let 7 be as above and let x € dAi c Ai be the point through which 7 exits the spacetime 
and consider x' € 7^ sufficiently close to x such that J + (x') n J~(x) C A-f is compact. 

We call S a C 2 -compatible scalar invariant on M. if S remains uniformly bounded in the 
spacetime region J + {x') n J - (a;) fl A4 for x' sufficiently close to x. 

Of interest to us are two particular C 2 -compatible scalar invariants, namely: the Kretschmann 
scalar R^apR^" 13 and g(X,X), where X is any Killing vector field, i.e. X satisfies 

V„V ' a Xp — Rfj.vapX'-'". 

That, indeed, X is at least everywhere continuous (in fact, C 1 ) see [5T] . 

Extendibility criteria on Q + 

Consider the spacetime region P = I^(^\m) C Ai. Note that the set P satisfies P = I~{P), 
i.e. P is a past set in Ai. If we can show that 

7r(P) = 7-(7r(P))nQ+, (71) 

that is, 7r(P) is also a past set in Q + , then for p E £ it follows that 

1. r(p)nQ+ Ctt(P); and, 

2. there exists ap'€ ""(tIai) such that every C 2 -compatible scalar invariant 5 is uniformly 
bounded in the region J~(p) n J + {p') n Q + . 

In particular, once we have shown that past set structure is preserved, showing that there 
does not exist a timelike curve 7 that exits the spacetime through x G dM reduces to finding 
a C 2 -compatible scalar invariant S that is not uniformly bounded in J~(p) n J + (p') fl Q + for 
every p 1 € 7r(7|x). 

Past set structure is preserved 

It is easy to show that since the metric h on S 2 is positive definite, timelike (resp. causal) 
vectors on TA4 P , iorpE Ai, project to timelike (resp. causal) vectors on TQ^, >. On the other 
hand, null vectors need not project to null vectors, for if 7r/j : A\ — > § 2 denotes the standard 
projection map, then a null vector V £ TA4 P will map to a timelike vector ir(V) € PQi- ) 
unless (iTh)*V — 0, in which case %(V) is also null. Lastly, note that the horizontal lift 
of timelike (resp. causal) vectors in TQf are timelike (resp. causal) vectors in TA4 P , with 
ir(p) = q. 

Let j\m C A\ be a timelike curve and consider the past set P = I~{~j\m) C AL We 
claim that 

7r(P)=/-(7r(7U))nQ + . (72) 

Let g S t(P)- Then, there exists p G P such that 7r(p) = g. Since P is a past set, it 
follows that for some p' £ j\m> there exists a timelike curve 7 p : / — > Ai such that 7 P (0) = p 
and 7 P (1) = J>'. We then define a timelike vector field X E TAi along 7 P such that 

X(t)= 7p (f). 

This vector field then projects to a timelike vector field tt(X) £ TQ + along 7r(7p). In par- 
ticular, there exists a future-directed timelike curve that connects q and 7r(p') £ 7r(7|x), 
i.e. g€J-(7r(7| A< ))nC + . 
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Now suppose that q G 1^ {^{i\m)) H Q + ■ Then, by definition, there exists q' G ^(jIm) 
and a timelike curve 7 g : I — > Q + such that 7 g (0) = q and 7 g (l) = g'. We define a timelike 
vector field Y € TQ + along 7 q such that 

*"(*) - 7«(*)- 

The curve 7 q has a unique horizontal lift 7 q in .M through p' G j\m such that 7r(7 p ) = 7^ 
and 7r(p') = q'. Since the horizontal lift of a timelike vector is also timelike, it follows that 
there exists a timelike vector field Y G TA4 along 7 9 such that n(Y) — Y. We then follow 
along the lifted timelike curve from p' to the point p G P such that 7r(p) = q. In particular, 

gG7r(P)nQ+. 



This establishes ( 72 ) and we obtain 

I-(n(P)) n Q+ = /-(7r( 7 U)) nQ+= tt(P), 



which yields ( 71 ) 



Characterization of the set £ 

Suppose £ n (<Sr U5U 5j+) 7^ and let p G £ fl (5r U S U Sj+). By definition, there exists 
a timelike curve 7 C M exiting vVf such that {p} n 7t(7|,m) 7^ 0. For all p' G ^(7^), 
Claims 1 and 2 assert that the Kretschmann scalar R jlua fiR ll,Ja ^ is not uniformly bounded in 
J~(p) fl J + {p') n Q + . In view of (2) above, this contradicts the assumption that p G £. We 
conclude therefore that £ fl (<Sr U5U <%+) = 0. 

Suppose £ n (i D Ul + ) 7^ and let p G £ fl (i D Ul + ). By definition, there exists a timelike 

curve 7 G A4 exiting .M such that {p} fl tt{j\m) 7^ 0- We recall the fact that in spherical 
symmetry there are three Killing vector fields X 1: X 2 and X3 such that 

g(X 1 ,X 1 )+g(X 2 ,X 2 )+g(X 3 ,X 3 ) = 2r 2 . 

Since r is unbounded in J + (p") n J~(I + ) fl Q + for all p" G ^(7^), it follows that, without 
loss of generality, g(X\,X{) is unbounded as well. In view of (2) above, this contradicts the 
assumption that p G £. We conclude therefore that £ n {iP U I + ) = 0. 

We now claim that if b T G £ , then £ n (CH r U C%+) 7^ 0. 

Let (f , V) = &r € £■ By definition, there exists a timelike curve 7CM exiting M. such 
that &r H 7r(7|x) 7^ 0. Given a sequence ([/,, V) — > (U, V), with Uj < U, we note that 

as [/,- -► C/. For, if ^(J7j, V) ->• 1, then limsup^^ R tiUa pR>"" xl} (Uj,V) = 00, contradicting 
the assumption that &r G £■ In particular, we conclude that AD J~(br) does not have a limit 
point on bp- As a result, we may assume, without loss of generality, that for fixed v' < V 
and u' < U, the region 

V={[u',U] x [v',V])nQ + 

satisfies T> D (A Li T) =0. Moreover, without loss of generality, we can assume that bp does 
not coincide with Si+ U CHi+ U i D . (If bp G 5^+ U i a , then fop ^ £ as argued abovej^j If 
bp G CHi+, then there is nothing to show.) 

It follows that on the compact set ({«'} x [t 1 ',!^] U [u',U] x {v'}) fl <2 + , there exists a 
constant c > such that 1 — — > c. Thus, if we re-normalize the co-ordinates on V such 
that 

5=-(u, V) = 1 and s — (V,w) = l, 



"In fact, we have already implicitly ruled out the possibility that ftp coincides with S t + , as T>n(yi U T) 
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then these new co-ordinates u and v will have finite range and b-p = (U, V). By monotonicity 
pTFI and ([62|, it follows that 



1 



2tii 



(u,v) < 1 



and 



A 



1- 



2 m 



(u,v)<l, 



for all (u, i>) € 2?. In particular, we have that Q 2 is uniformly bounded in T>, for ( 53 ) yields 

-Xv 



4 



A 



1 - 



2m 



1 - 



2m 



l- 



2m 



1 



2m 
r 



< 1. 
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We now note that since the extension M. is a regular manifold, if 7 exits through x € 
<9.M C .M , then there must be an open neighborhood U C M of x through which a suitable 
family of timelike curves (to be defined later) also exits into the extension. We can therefore 
require, without loss of generality, that {p e M. : g ■ p = p, \/g € 50(3)} fl U — for a 
sufficiently small neighborhood U, i.e. 7 does not intersect the the set of fixed points of the 
50(3)-action (the center of symmetry T 'downstairs'). 

Given s — (s l7 S2, S3) € B 3 (0) C R 3 , we consider a 3-parameter family of curves 7^ given 

by 

7 S - : t G (-e, e) i-> (t, I) 

with 7(0,0.0) — 7 sucn that 7^(0) GMflW and 7?(|e) M. Let us choose W suitably small 
such that the mapping 

$ : (-e,e) xB 3 (0)^M 

is a diffeomorphism on its image $>o[(t, s)). For each of these curves, let us define a pair of 
orthogonal null vectors Xi and X| tangent to 7^(0) whose projection to Q + is given by 



7r(Xi)(7r( 7? (0))) = a(s) 



du 



and 



vr(X|)U( 7? (0))) = b(s) 



d_ 

dv' 



for smooth real-valued functions a{s) = a{ir(^g{0))) and b(s) = &(7t(7j(0))) normalized such 
that 

2 = -.g(Xi,X|). 




• dM 



Now, parallel transport the vectors Xi and X| along each respective curve 7^. This defines 
two smooth vector fields X 1 and X 2 on &o[(t, s)]r\U<~)A4. Because parallel transport preserves 
nullity, we note that 



X 1 = a 



0_ 
du 



and 



X 2 = b 



d_ 
dv 



G2 



for smooth real- valued functions a and b denned on $o[(ij s}] nWflM. Moreover, because 
parallel transport preserves the inner product of vectors it follows that 

2 = -g(X\X 2 ) =abft 2 . 



Since we have shown that £l 2 is bounded (73), we must have that there exists a constant 
£ > such that either a > £ or b > £. 

Suppose a > £. Let (si, S2, 0) G _B 2 (0) C M 2 and consider a mapping 

$i : (-e, e) x B 2 (0) x {-6, 5) ^ M 

defined by following the point 7(si,s 2 ,0) W along the (future-directed) integral curves of X 1 for 
time < r < |<5. For <5 suitably small, $i is a diffeomorphism onto its image 3?i[(£, Si,S2,r)]. 
In particular, since X is a smooth vector field, we have a tubular neighborhood W5/2 = 
$i[(t, Si, 82, r)] C $o[(*, s)]ntf for sufficiently small (5. Define i*(s) € (0, ~e] as the time £ at 
which 7j exits ./Vf and put t* = inf t*(s) > 0. Let Us/ 2 (t*) = Us/2 H .M denote the image of 
$1 with t < t* . It then follows that in this neighborhood 

uNm,*i,s 2j ^jJ -«(*(*,*i,*2,0))>~^>0. (74) 

We now claim that ir(Ug/ 2 (t*)) < t- D, Suppose, on the contrary, that Tr(Us/ 2 (t*)) C T>. Since 

fz47 2 (**))nJ + (7r( 7 (o)))^0, 



7r(i 



let p' be an element of this set. We note that, however, the u-dimension of J + (p') fl 2? tends 
to zero as p' — >• 6r, i.e. for p",p'" € J + {p') C\T> we have 

lim sup |u(p") - u(p"OI =0. 



This then contradicts (74). We therefore conclude that Tr(Us/ 2 (t*)) <f_ T>. Since we have shown 
that 

£ n (S r U S U 5,-+ U i D U 1+) = 0, 

it must be the case that 

£n(CHrUCH i+ )^& (75) 

Suppose, on the other hand, that b > £. We consider a mapping 

$2 : (-e, e) x 5 2 (0) x (-5, S) -> M 

defined by following the point 7(s 1) « 2 ,o)(i) along the (future-directed) integral curves of X 2 for 
time < r < \5. For 5 suitably small, $2 is a diffeomorphism onto its image < &2[(i, si, S2,t)]. 
In particular, since X is a smooth vector field, we have a tubular neighborhood Us/2 = 
$ 2 [(£, Si, s 2 ,r)] C $o[(*> s)] n ^ f° r sufficiently small 8. Similarly, we define U$/ 2 {t*). Either 
a timelike curve in the tubular neighborhood Us/i(t*) will exit J - (a;) D A4 (recall x e dAi is 



the point at which 7 exits M) so that (75) holds, in which case there is nothing to show, or 



every timelike curve in the neighborhood will remain in J (x) D M, in which case 
vU(t,s u 82,^5)) -v(®(t )S i,s 2 ,0))>^8S>0. 

We argue as before, noting that for a given p' e n(Us/2(t*)) n J + (n (7(0))) the w-dimension 
of J + {p') n T> tends to zero as p' — > br- □ 

G3 



6 Proof of Theorems |1.12| and |1.13^ global structure of 



strongly and weakly tame Einstein-matter systems 

We note that only in S|4j in which we established the generalized extension principle for the 
Einstein-Maxwell-Klein- Gordon system, did we exploit model-specific structure. Elsewhere, 
assertions were proven with the aid of simply the dominant (or the weaker null energy) 
condition. Accordingly, since both Theorems 1 1 . 1 2| and 1 1 . 13| presume that a suitable extension 
principle hold, we may reproduce the proof of either Theorem exactly as in 35] 
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